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1 Introduction 



For an integer > 1 consider the endomorphism '^m oi the unit circle T 
given by '{>n{0 = ■ It is known that besides Haar measure there are many 
i^AT-invariant atomless probability measures on T, see [B]. 

There are natural ways to characterize a measure ^ on T by an associated 
function defined either on T or holomorphic in the unit disc. Invariance of the 
measure under 93 at translates into functional equations for the corresponding 
functions. For example consider the holomorphic function = exp{—h^) on 
the unit disc D where is the Herglotz-transform of fi 

hf,iz) = [ ^i^d^(C) . 
Then 937v-invariance of fi is equivalent to a functional equation for f = 

f(z^ f = H f(Cz) . (1) 

In section 3 we study this functional equation in its own right within the 
Nevanlinna class Af. Theorem 5 asserts that up to a unique positive constant 
any non-zero function / in TV satisfying (1) is a quotient of singular inner 
functions: Blaschke products and outer functions in TV cannot satisfy (1) 
unless they are constant. Using these facts we give a somewhat surprising 
characterization in corollary 9 of those sequences of complex numbers which 
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arise as Fourier coefficients of <^jv-invariant measures. The relevant notions 
from the theory of Hardy spaces are reviewed in section 2. 

In section 4 the cumulative mass function /i of a measure /Lt on the circle 
is studied as well as a related analytic function G^. The focus is on their 
behaviour under push-forward and pullback along ipN- In particular, y?jv- 
invariance of jj, is characterized in terms of functional equations for jl and 

Not much is known about measures on T which are invariant under at least 
two endomorphisms tpN and (fM with N prime to M, but see [R]. It is 
therefore interesting to look for holomorphic functions on D which satisfy the 
functional equation (1) for several integers N. We begin this study in section 
5. Consider the multiplicative monoid S generated by pairwise prime integers 
Ni,. . . ,Ns > 2. It acts on T if we identify N E S with tpN. For a subgroup 

gcO^ = {f eO{D)x\ /{(}) = 1} 

H°{S, g) = {f eg\f satisfies (1) for all N e S} 

and 

Z{S, g) = {aeg\ Y[ a{Cz) = 1 for 1 ^ iV G 5} . 

Here the conditions need to be checked for N = Ni, . . . , Ng only. The group 
Z{S,0^) is easy to describe as a certain quotient of O^. Moreover there are 
mutually inverse isomorphisms 

For s = 1 they are given by the formulas 

oo 

$5(/)(^) = /(^)//(^^^) and ^s{a){z) = l[a{z''^). 

i/=0 

For general S we have 

= n «(^'^) • 

NeS 

See proposition 16 for details. Thus for f e the description of simultanous 
solutions of (1) is easy. As we saw in the third section, the situation becomes 
interesting when one imposes growth conditions on the solutions /. Recall 
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that for a probability measure n onT the function Ues in the Hardy space 
H°°{D) of bounded analytic functions on D. 

If ^ is 92 :V -invariant for N £ S then lies in H^{S,0^). Consequently 
^siffi) e Z{S,M^) where A/"^ = A/"^ DU. Here we have used that quotients 
of nowhere vanishing bounded holomorphic functions lie in Af^ . 

It is not known which functions are of the form for an 5-invariant probabil- 
ity measure /j,. By the above they can be recovered from ^sif^) by applying 
^'5. Thus it is natural to study the map on Z{S,M^). The space Z{S,M^) 
is naturally a quotient of with a known kernel, c.f. proposition 16. The 
image under ^5 contains the space H^{S,J\f^) whose structure we would like 
to understand but it is strictly bigger. One basic result is theorem 48 from 
section 10 which asserts that 



Here Mg = H U and Ms is the algebra of functions / C 0{D) that can 
be written in the form / = 515^^ where g2 has no zeroes and both gi and g2 
satisfy an estimate of the form 



where Ug > and Vg > are constants. For s = the estimate (2) asserts 
that g G H°°{D) so that Nq = M. For s = 1 it asserts that 



This means that g £ A °° in the notation of Korenblum [Kl], [K2]. The more 
general classes A/'s appear in the works [BL], [K4] and [S] for example. 

Classically the elements of A/"^ can be described by finite signed measures on T. 
More generally, by a theorem of Korenblum the elements of M} correspond 
to real premeasurcs of bounded Kg-variation on the circle. Here Hs is the 
generalized entropy-function on [0, 1] 



Thus kq{x) = X and k,i{x) = x(l + | logx|) = a; log ^. The premeasure /U on T 
is of bounded K,-variation if there is a constant ^ > such that 



^s{Z{SM^))^H\S,Ml). 



\g{z)\<age^Y>{rg\og''{l-\z\) ^) for 2; € D 



(2) 



\g{z)\<ag{l-\z\) 
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holds for all finite partitions of T into disjoint connected subsets Cj (arcs). 
Here |C| is the arc length of C normalized by |T| = 1. 

If the prcmeasure ^ corresponds to / G M} then as for measures, is ip^- 
invariant if and only if / satisfies equation (1). Hence we have obtained an 
injection from Z{S,J\f^) into the space of premeasures of bounded Ks-variation 
which are invariant under Ni,. . . ,Ns c.f. corollary 50. One can do a little 
better: For suitable functions in Z{S,Af^) one even obtains premeasures of 
bounded Ks_i-variation invariant under A^i, . . . , A^^, c.f. proposition 52. 

Classically the atoms of a measure /x can be seen in the function For the 
Korenblum correspondence between premeasures and functions this is still 
true but more subtle c.f. theorem 25. It rests on a positivity argument as 
with the Fejer kernel in Fourier analysis. 

In the theory described up to now there are analogous assertions for spaces of 
atomless (pre-)measures and functions. For example, one obtains many (pisf 
and (fM invariant atomless premeasures of bounded Ki-variation. 

Instead of starting from the group of functions Z(S,Af^) it is also possible to 
begin with the isomorphic group of finite signed measures a with 

N^o- := {(Pn)*o- = for iV G 5, iV 7^ 1 . 

Namely, the series 

= *5(fT) := (3) 

converges on arcs to a premeasure 12 of K^-bounded variation with N^fi = fj, 
for all N E S. Convergence of (3) and 5-invariance of /x can be shown directly 
using cumulative mass functions. The K^-bounded variation of fi follows by 
comparison with the above analytical theory. A purely measure theoretic 
proof for this fact should also be possible. As with the space Z{S,M^), the 
corresponding space of measures a as above is easy to describe, c.f. corollary 
21. The premeasure n = *5((t) has atoms if and only if a has atoms. 

As part of a more general theory, Korenblum has shown that premeasures 
fi of K = Ks-bounded variation induce compatible measures /i^ on the Borel 
algebras of K-Carleson sets F. These are closed subsets of T of Lebesgue 
measure zero such that 

^k(|/|)<oo. 

I 

Here T \ F = H/ is the decomposition into connected components J. The 
family Hs = (//^) is called the /t-singular measure attached to 12. In section 8 
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we review Korenblum's theory of K-singular measures. Moreover, using his re- 
sults and general facts from measure theory we show that K-singular measures 
can be interpreted as "K-thin measures" jl. These live in the Grothendieck 
group of a semigroup of positive cr-finite measures on the Borel algebra of 
T (with further properties). Thus fi is given by a class of pairs of cr-finite 
positive measures /Xj: 

Because of a cancellation property there is equality 

[Ai, A2] = [l'l,T>2] 

if and only if fii + ^2 = ij'2 + t^i- Combining the previously defined maps 
with the passage to Kc,.-thin measures, we obtain for every a € Z{S,J\f'^) or 
corresponding measure a, pairs of cr-finite measures /ii, /i2 with /ii + A^*/i2 = 
A^*/xi + fl2 for all N e S. The measures fii > live on countable unions of 
Ks-Carleson sets and are restricted by further properties. If fli or p,2 is finite 
then /X = /xi — /i2 is a signed measure and both /x"*" and /x~ are (S-invariant. 

We prove that every »S-invariant positive ergodic probability measure which 
is non-zero on some K^-Carleson set is K^-thin and can be obtained by the 
preceeding constructions. I think that the last condition is automatically sat- 
isfied. This is related to conjecture 56 which asserts that non-constant cyclic 
elements in certain topological algebras A^./ C 0{D) defined by growth condi- 
tions cannot satisfy the functional equation (1) for too many coprime integers 
A^. The relation comes from Korenblum's theory [K2], [K3] characterizing 
cyclicity in terms of vanishing K-singular measure. For 7 = the conjecture 
is true. It is inspired by a corresponding result, theorem 55, for functions in 
J\f^/ with a zero in D which seems to be analogous. Theorem 55 follows from 
the work of Seip [S]. I think that conjecture 56 is an interesting challenge for 
experts in the theory of growth spaces of analytic functions on D. 

We would like to draw attention to the work [EP] of Eigen und Prasad. They 
observe that for an iVM-invariant ergodic probability measure v on T the 
orbits Ois[{v) = {Nlv\i > 0} and Ouii^) = > 0} have the same 

cardinality and consist of mutually singular measures. A short argument 
shows that the cr-finite positive measure 

^, = -.+ E ^" (4) 

is both N and Al invariant. With a suitable choice of initial measure v they 
obtain a non-atomic /x which is even S = {N, M) ergodic (for = 2, M = 3). 
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We were unable to fit their construction into our framework. The reason may 
be this: Unless v is already invariant under A^'^ and for some integer /c > 1 
the series (4) will never define a finite measure. The map ^'5 given by the 
series (3) on the other hand has all <S-invariant probability measures on T in 
its image (up to a scalar multiple of Haar measure). 

In writing the paper we found it useful to introduce a certain number of op- 
erations on functions, (pre-)measures and (Schwartz-)distributions and study 
their relations. These operations behave like Frobenius, Verschiebung and 
the Teichmiiller character for Witt vectors. In the appendix we embed the 
ring P'(T) of distributions on T under convolution into the ring of big Witt 
vectors of C and identify the corresponding operations on both sides. As a 
small example we note that the Artin-Hasse exponential for the prime %> is the 
image of a p-invariant premeasure on T of ki -bounded variation which is not 
a measure and whose /ti-thin (or singular) measure is zero, c.f. proposition 



Finally we would like to point out three reasons why we have been working 
with the muliplicative functional equation (1) instead of the additive func- 
tional equation satisfied by the Herglotz transform h = 



Firstly, for non-zero singular measures the Herglotz transform is never in 
H^{D), only in the non-locally convex spaces HP{D) for < p < 1. The 
function / = on the other hand lies in the much studied Banach algebra 
H°°{D). Secondly, although has no zeroes, the functional equation (1) 
makes sense also for functions / with zeroes in D and one is led to interesting 
results about those, c.f. theorems 5 and 55. Thirdly the proof of theorem 6 
below uses the functional equation (1) in a way that has no analogue for the 
additive functional cf|uation (5). 

Despite its length the present paper marks only a beginning in the study of 
the relations between <S-invariant (pre-)measures and generalized Nevanlinna 
theory: It contains groundwork like section 9 and also reviews of the required 
Hardy space and Nevanlinna-Korenblum theories. The deeper aspects still 
need to be explored. In particular it would be very desirable to introduce 
geometrical methods from the theory of conformal mappings. 

This paper owes its existence to many interesting discussions with Wilhelm 
Singhof. I would like to thank him very much. I am also grateful to Klaus 
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Schmidt for drawing my attention to invariant measures on the circle and to 
Boris Korenblum for a helpful email exchange. 
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2 Background on Hardy spaces and the Nevanlinna 
class 

In this section we introduce some notations and review a number of basic 
facts that will be needed in the sequel. Details can be found in the books [D] , 
[G] and [OMR]. 

7 



The Banach space of finite real (or signed) Borcl measures on the circle 
with the total variation norm is denoted by M(T). We set M+(T) = {/i G 
M(T) I /X > 0}. The Haar probability measure on T will be denoted by A. 
Under the standard identification M/27rZ ^ T, ^ i->- exp(i6') it is given by 
(27r)-id6l. In terms of C e T we have A = {2m)-'^C~^ dC- A measure n € M(T) 
is called singular if it is singular with respect to A. We write M(T)sing and 
M"'"(T)sing for the subsets of singular measures. The Herglotz transform /i^ 
of a measure /x G M(T) is the analytic function in the unit disc D defined by 
the formula 

K{z)= [ f^dMO- (6) 
It is connected to the Cauchy transform 

K^{z)= [ -^d^iiO (7) 

by the simple formula = 21^^ — //(T). We refer to the book [CMR] for an in 
depth account of the Cauchy- and hence the Herglotz transform. The Cauchy 
integral formula implies that we have Kx = 1 = hx- A measure fj, G M(T) is 
uniquely determined by its Fourier coefficients for z/ G Z 

Cu = Cuifi) = / C'^dfiiO ■ 
They are bounded and we have the formula 

oo 

h^{z)=co + 2Y,Cuz'' . (8) 
i/=i 

For a measure G M(T) the Fourier coefficients satisfy the relation c-i, = c^. 
Hence /x is determined by hfj,. The importance of the Herglotz transform is 
due to the following result: 

Theorem 1 (Herglotz) The Herglotz transform sets up a bijection between 
the non-zero measures ji G M+(T) and the analytic functions h on D with 
Re/i > and h{0) > 0. 

See [CMR] Theorem 1.8.9 for references to different proofs. Note that for 

fj, G M~^(T) the Herglotz transform is constant if and only if ^ is a scalar 
multiple of A. This follows from equation (8). In all other cases we have 
Keh{z) > for all z E D since hfj,{D) is open. 
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The atoms of /i G Af (T) can be recovered from the Herglotz transform since 
Lebesgue's dominated convergence theorem gives the formula: 

hm (1 - r)hM) = MO for all C G T . (9) 

r— 

For real < p < cxd the Hardy space = HP(D) consists of all analytic 
functions f on D such that 

11/11^,:= sup / \f{rCWdXiO<oo. 

r<l JT 

For p = oo the Hardy space H°° = H°°{D) is the space of bounded analytic 
functions on D with the sup-norm. For /j, € M^(T) we have = exp(— /i^) G 
H°° for example. For 1 < p < oo, HP is a Banach space with the norm 
II \\hp and for p = 2 it is even a Hilbert space. For < p < 1 the translation 
invariant metric 

dpif,9) = \\f -9\\hp 

turns into a complete metric space. For an analytic function f{z) = 
^j^XjCLpz'^ on D we have ||/||^2 = Z^y>o I'^i'P- Thus / belongs to if and 
only if J2i/>o I'^'^P < Nevanlinna class Af is the algebra of analytic 

functions f on D which satisfy: 

sup / log+|/K)|dA(C) <oo 

r<l JT 

or equivalently: 

sup / log(l + |/(rC)|)dA(C) <oo. 

r<l JT 

Here log"*" x = max(loga;, 0) for x > 0. It can be shown that J\f is the class of 
functions / = gh~^ where g,h & H°° and h has no zeroes in D. In particular 
G A/" for any n G M(T). 

For any function f in M the boundary function: 

/(C) = liin /(rC) 

r— 

exists for A-almost all C G T and we have log \ f\ G = ^-'^(T, A) unless / = 0. 
The Smirnov class consists of all functions f in M such that 

sup / log+ |/(rC)| dX{0 = [ log+ I/I dX . (10) 

r<l JT JT 
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It is actually a subalgebra of J\f. For < p < oo we have C A^"*" C M. 
A function / € A^"*" is in H'P if and only if / € L'^. The map sets 
up an isometry ^ = LP{T,X). It is known that for /x G M(T) we 
have h/j, G il^ for all < p < 1. In particular hfj, has radial limits A-almost 
everywhere. Fatou's theorem asserts that A-a.e. the equation Reh^ = ^ 
holds. In particular a measure fi G M(T) is singular if and only if Re/i^ = 
holds A-a.e. See [CMR] Theorem 1.8.6 noting that we consider only real 
measure. 

A function o in A/^ \ is called an outer function if we have 



In this case a G A/""^ and there is a constant a; G C with = 1 such that we 
have 



It is clear that = 1 in case o(0) > 0. On the other hand for every mea- 
surable function a : T — > M with a > such that log a G L^, the function 
= exp hiog a dX is an outer function in A/" and we have | o | = a A-almost ev- 
erywhere. If in addition a E LP then o is (an outer function) in HP. There is 
the following functional analytic characterization of being outer. A function 
/ in HP is said to be cyclic if the linear subspacc generated by the functions 
/, zf, f, . . . is dense in HP . In other words C[z\f should be dense in HP. It 
is known that for < p < oo a function / G HP is outer if and only if it is 
cyclic, [D]. 

A holomorphic function / on D is called inner if \f{z)\ < 1 for all z G .D 
and 1/1 = 1 A-almost everywhere on T. It is called a singular inner function 
if in addition f{z) for all z e D. For any u G M+(T) 

sing the function 

Si, = exp{—h^) is a singular inner function with Si/(0) > 0. If / is a singular 
inner function then we have / = us^, for a unique singular measure u > 
and a unique constant oj of absolute value one. These assertions follow from 
theorem 1 and Fatou's theorem. We call u the singular measure of /. 

The possible zero sets of functions in HP for < p < oo or 7\A are determined 
as follows. Consider a map p : D ^ Z>o. Then we have ordx/ = p{z) for 




(11) 




(12) 



a;exp/iiog|5|;. 
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some / G jV and all z e D if and only if the Blaschke condition holds: 

^(l-|z|)p(z)<oo. (13) 

For / G HP the condition is the same. If (13) holds for p, the Blaschke product 

=."<°' n (Mj^^)*' 

-•■J- \ w 1 — wzJ 

weD* 

defines an inner function with ordgbp = p{z) for all z & D. Every inner 
function / is a product / = 6s of a Blaschke product h with a singular inner 
function s. We have h = 6ord/ and hence this representation is unique. We will 
need the canonical factorization theorem: H \ {0} consists of the functions / 
that can be written in the form: 

/ = h'-^o (14) 

where 6 is a Blaschke product, o is an outer function in M and si and S2 
are singular inner functions whose singular measures ui and V2 are mutually 
singular, ui A. V2- In (14) we have h = 6ord/ and si,S2 and o are uniquely 
determined up to a constant factor of modulus one. In particular the singular 
(signed) measure v = vi — 1^2 '^^ uniquely determined by /. It is clear that we 
have = Lo exp h^^^ for some a; G T. 

The functions / G J\f~^ are those with 1/2 = i.e. those which can be written 
in the form, where s is singular inner: 

f = bso. (15) 



3 A functional equation in the Nevanlinna class 

In this section we first express the A^-invariance of a finite measure (^ on the 
circle in terms of an additive functional equation for its Herglotz transform 
h/j,. The function fn{z) = exp(— /i^(2;)) satisfies the multiplicative functional 
equation (1). We show that up to a scalar any solution of (1) in A/" is a 
quotient of singular inner functions. 

For an integer > 1 define operators N* and Tr^v on functions h : D ^ C 
or /i : T -5- C by setting {N*h){z) = h{z^) and 

{Trr,h){z) = h{Qz) 
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where C runs over the iV-th roots of unity. For /j, G M(T) we write N^fi for 



Proposition 2 For any /j, G M(T) we have 

N*hN,^ = ^TvN{h^) . (16) 

The measure fi is N -invariant if and only if either of the following functional 
equations holds: 

M^'^) = ^ E MC^) forh = h, (17) 

and 

/(^^)^= n /(^^) f<>^f=u- (18) 



Proof For every G C we have: 

1 - , n -i- Tt: 

(19) 



Namely both sides have the same divisor on P^(C) = C U {oo} and agree at 
z = 0. Integrating (19) with respect to diJ,{r]) gives the equation hiq^^{z^) = 
iV-iTrAr(/i^). It follows that (17) and (18) hold if we have AT^/x = /x. 

Now let jjL G M(T) be arbitrary and assume that (18) holds for / = Then 
(17) holds for h = h^wp to an additive constant which must be zero as follows 

by taking z = 0. Equation (17) is equivalent to the assertion N*h^ = N*h]\f^f^ 
i.e. to h]\ftfj, = h^. On real measures the Herglotz transform is injective. We 
therefore get N^fi = fi. □ 

Since we will be concerned with A'^-invariant signed measures the following 
fact is interesting to know: 



Proposition 3 For a signed ( not necessarily finite ) measure ji on the Borel 
algebra ofT consider the Jordan decomposition /j, = iJ,+ — fX- . Then N^^ii = ji 
is equivalent to Ni,iJL± = fi±. 



12 



Proof The equation /j, = N^fi^ — N^fj.^ shows that iJ.± < N^n± by minimahty 
of in the Jordan decomposition [E] VII 1.12. If ^_ is finite then ^-(T) = 
(A^*^_)(T) < oo imphes that = N^fj,_. Adding this equation to /x = A^^,/x 
we get /n+ = A^*/x+ as well. If /x+ is finite one argues similarly. The other 
direction is clear. □ 

Here are some useful formulas. Let h{z) = J2T=o^'^'^'^ ^ holomorphic 
function in D. Then we have: 

oo 

{N-^TrNh){z) = ^ a.z" = ^ a.jvz^^ . (20) 

Recall that in terms of the Fourier coefficients Cn = Ci,{^j) = j^. C"*^ c^A*(C) of ^ 
measure ji in M(T) we have 

oo 

/i^(z) = /x(T) + 2^c,z''. (21) 

v=l 

The following equality is clear from the definitions: 

Ci,{N^,ii) = Ciy]\[{iJ.) for all in Z . (22) 

Hence we get 

oo 

N*hN.^iz) = hN.^iz'') = ^I{r)+2Y,C,NZ'''' . 

v=l 

Thus the formula N*hN^^i = N~^T^N{hij,) in proposition 2 follows again. 
Moreover the following assertions hold: 

For a measure /x G M(T) we have N^/j, = /x if and only if c^, = Ci,m f^^-. 
for all G Z ^ ^ 

A holomorphic function h = J2'^=o ^^^'^ ^ satisfies the functional , , 
equation (16) if and only if Qi, = a^N holds for all > 0. 

Lemma 4 For N > 2 let ip E (T) be a solution of the additive functional 
equation 



N 



Then cp is constant X-a.e. 
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Proof 1 The Fourier coefRcicnts Cy of (p satisfy the relation Cyj^ = Cy for all 
V. Since — > for — > oo by the Riemann-Lebesgue lemma it follows that 
we have Cy = ^ for v i.e. 99 is constant A-a.e. □ 

Proof 2 Set eN{ip){ri) = jj^^^^n^i^P^Cv) i-^- = N~'^TrN. Jessen [J] has 
proved that for any sequence {Ny)y^i tending to infinity with \ Nyj^i we 
have for all </? G C^{T) 

^N^i^p) — > = (fdX A-a.e. on T. 

In particular we have ejv''(<^) —> E(ip) A-a.e. as — >■ cx) and therefore since 
eN^if) = 'Piv^") for A-a.a. 77 G T by the functional equation: 

ipiri^") — ^ E{(p) for A-a.a. 77 as ^ 00. (25) 

Set 

Mn = {rieT\\<piri)-E{^)\ > ^} . 

Then we have 

M = {t) eT\ip{v) 7^ E{^)} = (j Mn . 

n>l 

Assume that A(M) > 0. Then A(M„) > for some n > 1. By Poincare 
recurrence, for almost all 77 G T there is a sequence ii^j)j>i with limj_>.oo i^j = 
00 and 77^ ^ G M„ for all j >!■ For these 77, equation (25) cannot hold. Thus 
we have obtained a contradiction and therefore A(M) = 0. □ 

We now look at the functional equation (1) within the Nevanlinna class. 

Theorem 5 For some N > 2 letO ^ f £ Af be a solution of the multiplicative 
functional equation (1). Then there is a unique constant c > such that cf 
is a quotient of singular inner functions. If in addition f G A/""*" there is a 
unique c > such that cf is a singular inner function. 

Proof The functional equation implies the relation 

and hence /(O) / 0. We now show that f{a) ^ for all 7^ a G L> as well. 
For any A; > 1 we have by induction: 

fiz^'r = n /(c^) • 
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This gives the relation 

7V'=ord^/= oidj fovQ^weD. (26) 

Assume that /(a) = for some a e D. Then we have 

oo 

J2i^-\z\)oTdJ > ^ (1 - ord,/ 

k=0 

OO 

= 5:(l-|a|V^*) Y: ordj 



zeD k=0 



k=0 ^fo 



ord./^iV'=(l-|a|V^'=) 

A;=0 



We have 



iV^(l - |a|^/^ ) ^log|arV forfe^oo. 

Hence the previous series diverges, contradicting the assumption / € N. Thus 
/ has no zeroes in D. Hence we have a unique factorization of the form f = uo 
where o is an outer function in Af with := o(0) > and u is a quotient 
of singular inner functions resp. a singular inner function if / € Af~^ . By the 
uniqueness of such a decomposition and since f{z^), f{C,z) are in N as well it 
follows that with / both o and u satisfy the functional equation (1). Let o be 
the radial extension of o to a measurable function on T. Then it is known that 
if = log|o| is in L^. Since o satisfies the multiplicative functional equation 
(18) A-almost everywhere on T, we have N*(f = N~^TTpf{(p) in L^. By lemma 
4 ip is constant and hence o = e^ph^x is constant as well, o = o(0) = c~^. 
This implies the assertion of the theorem. □ 

Question For < p < oo the outer functions in are exactly the cyclic 
vectors in HP. Can one use this characterization to show that any outer 
function in satisfying (1) is constant? This would be very desirable because 
it might suggest an approach to conjecture 56 below dealing with cyclic vectors 
in generalized Nevanlinna classes. 

The following result leads to a different proof of a special case of theorem 5. 

Theorem 6 For N > 2 andp > let f & L^(T) be a solution of the following 
functional equation for X-almost all rj G T.- 

fiv^'f = n /(C^) • (27) 
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Then \ f\ is constant X-a.e. 



Proof We may assume that / ^ in U'{T). Using Holder's inequality we 
get: 



JT JT 



since iV*A = A 



(27) 

/T 



(*) 
< 



n ( / \fii^)rfdm 

[ IfiriWdXir]) sinceC*A = A. 

JT 



Hence we have equality in Holder's inequality (*). It follows from theorem 

188 in section 6.9 of [HLP] that for = 1 the functions |/(C??)|^ ^ire pairwise 
linearly dependent in L^(T). Because of 7^ in L^(T) there are therefore 
constants > such that we have 

\f{CriW = cc\fm^ inL\T). 
Applying this equality A/^-times we find 

l/(C^r?)r = cf|/(r/)r. 
Since = 1 we get = 1 and hence = 1. It follows that we have 

l/(C^)l = 1/(^)1 

for A-almost all r/ € T. Combining this with the functional equation (27) we 
get the relation: 

1/(^^)1 = I/WI A-a.e. 

Since N acts ergodically on T with respect to A it follows that |/| is constant 
A-a.e. □ 



Remarks 7 1) If log |/| is integrable on T, theorem 6 also follows from lemma 
4. 

2) For p > we have a natural inclusion HP{T) ^ LP{T) given by mapping 
/ to its boundary function /. Moreover the function / is inner if and only if 
1/1 = 1 A-a.e. Thus theorem 6 implies the following weaker version of theorem 
5: 
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Corollary 8 For p > let ^ f E HP(T) satisfy the functional equation 
(1). Then there is a unique constant c> 0, such that cf is an inner function. 

The following curious fact was found in discussions with Wilhelm Singhof. 
Let us call a measure ji G M(T) special if it has the form /j, = aX + a where 
a G M and a G M+(T) is singular. The A?^- invariant special measures can be 
characterized by their Fourier coefficients as follows: 

Corollary 9 Fix N > 2. A bounded sequence {cv)vel of complex numhers 
is the sequence of Fourier coefficients of a (uniquely determined) N -invariant 
special measure if and only if the following conditions hold: 

i) c-n = Cn for u ^"L 

a) CyN = Cy for all v 

Hi) The series X^^q converges, where is defined by the formula: 

oo oo 

= exp - Co - 2 ^ Cyz''^ . 

n=0 v=l 

Condition Hi) may be replaced by the following weaker one: 

Hi') For some e > the series X^^ol^"(^)P converges where (6n(e)) is 
defined by the formula: 

oo oo 
n=0 v=l 

Proof For any A'^-invariant measure jJL G M(T) conditions i) and ii) are satis- 
fied. The Herglotz-transform of n is given by 

oo 

hfj,{z) = Co + 2 ^ Cvz"" . 

v=l 

Hence we have 

oo 
n=0 
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Writing fj, = aX + a as above in the definition of "special" we have = a + h^ 
and hence Reh^ > a. This imphes that € H°°{D) C H'^{D). Therefore 
the Taylor coefficients 6„ of are square integrable, i.e. iii) holds. 

Now assume that we are given a bounded sequence {ci,) with i), ii), iii). Then 

oo 

h{z) = Co + 2 ^ Cyz'' 

defines a holomorphic function in the unit disc which because of ii) satisfies 
the additive functional equation (17). Hence / = exp(— /i) satisfies equation 
(1). Condition iii) asserts that we have / G H'^{D). Now it follows from 
theorem 5 or even from corollary 8 (since /(z) 7^ for all z & D) that c/ is a 
singular inner function for some c > 0. Hence there are a constant A G C* and 
a singular measure a G M_|_(T) such that A/ = exp(— /tg.). For some a G C 
we therefore have 

h = a + hcr = haX+a ■ (28) 

Since a is real valued, condition i) for = implies that q G M. Hence 
= aX + £7 is a special measure. Equation (28) implies that c,y(//) = Ci, 
for u > 0. Since /x is real valued, it follows from condition i) that we have 
Cuip) = for ly <0 as well. Thus we have found the desired special measure. 
It is A^-invariant b ecause of ii). The final remark follows by multiplying (c^^) 
resp. by a positive constant. □ 

Remark For g G L^(T) the measure ^A G M(T) is A^-invariant by (23) if and 
only if the Fourier coefficients Ci, of g satisfy the relations Ci,n = c^, for all 
1/ eZ. For N >2, because of the Riemann-Lebesgue lemma, this means that 
g is constant. It follows that the iV-invariant special measures agree with the 
A^'-invariant measures of the form fj, = fia + cr where /x G M(T) is absolutely 
continuous and a G M_|_(T) is singular. 

4 The cumulative mass function of an invariant mea- 
sure 

In this section we characterize A'^-invariant measures by their cumulative mass 
functions and develop a certain amount of formalism that will be used later. 

In the following we will use the identifications [0, 2tt) = R/27rZ = T without 
further comment. In particular for a function a : T ^ C we will write a{6) 
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for a(cxp(zf?)) if G [0, 27r). A measure n G M(T) gives rise to a function 
fi : [0, 27r) — > R by setting fi(9) = fi[0,6). It is well known that in this way 
one obtains an isomorphism between M(T) and the space V{T) of functions 
/t : [0, 27r) ^ M which satisfy the following conditions 

1. /x(0) = and /i(27r— ) exists. 

2. /i is left continuous. 

3. ft has bounded variation. 

For a function a : T ^ C and a point C € T let us write a(C±) = hm^^oi Q;(("e*'^) 
if the limit exists. We call a left-continuous in C if a{(—) = a{Q. 

When viewed as a function /x : T ^ M the above conditions are these: 

1. /((I) = and /t(l~) exists. 

2. fi is left continuous in every point <^ G T \ {1}. 

3. jl has bounded variation on T. 

Note that condition 3 implies that fi has right limits in all points of T. More- 
over /t(C+) = A(C) + A*{C} for C S For a measure /x G M(T) we have 
/i(27r— ) = ^(T). Hence the space M°(T) corresponds to the subspace V^{T) 
of functions fi in V{T) with /i(27r— ) = 0. Viewing /i as a function on T the con- 
dition is that fi is left-continuous on all of T. The measures fi G M_|_(T) corre- 
spond to the cone (T) of real valued left continuous nondecreasing bounded 
functions ft : [0, 2tt) R with /t(0) = 0. The inverse map V{T) M(T) at- 
taches to jl the Lebesgue-Stieltjes measure dfi. 

For every // G M(T) and every G C^[0, 27r] Fubini's theorem implies the 
following formula of partial integration: 



[0,27r) Jo 



gdfi = - (i{e)9'me + g{2'K)iJL{T) 




(29) 



In particular we have 



(30) 
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We also introduce the holomorphic function on D defined by: 



'0 

Note here that h^{0) = fi(T). Set log(l - z) = - E^i v for kl < 1- The 
fohowing relation between fi and is well known, c.f. [HK] (1.5) in case 
fi{T) = 0. 

Proposition 10 a) For jjl G M(T) we have Gn G and the formula 

/iAA = G'^ + Mo + ^log(l-z) . (32) 
b) For fj, G M(T) we have X-a.e. on T: 

fi = ReG^ + fio + ^{e-7r) . (33) 

Proof The function /t is of bounded variation, hence in L°°. Using (29) its 
Fourier coefHcients are seen to be co(/x) = /xq and 

According to (8) we have: 

G,iz) = -f2^z^. (35) 

v=l 

Since the sequence (ciy(/v,)) is bounded we see that the Taylor coefficients 
of form an /^-sequence and hence G . In particular G^ G I? 
exists. Applying (8) to /i^^; formula (32) follows. For G M(T) we have 
c-v(^li) = Ci,{ij). Using (35) this implies the relations co(ReG^) = and for 
7^ 1/ G Z: 

Together with the formulas 

^ ~ ^ for / G Z and cq {^^—^^ = 



27r / 2TTiv V 27r 

it follows from (34) that both sides of (33) have the same Fourier coefficients. 

□ 

Whether a measure ^ G M(T) is A'^-invariant can be seen from either function 
fi or as follows: 
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Proposition 11 a) A measure ^ G M(T) satisfies N^ji = /j, for some N >1 
if and only if the following functional equation holds for some constant cq 

Kn^) = XI '^^^^^ ~ X-a.a. 77 G T . (36) 

In this case (36) holds for all G T and we have 

b) A measure /i G M(T) is N -invariant if and only if for all z & D we have: 

G,{z^) = J2 G.iCz) . (37) 

Proof a) For < 6 < 27r the disjoint decomposition 

AT-l 



implies the formula: 



2ttu e + 27ru^ 

-"aT' iv . 

1^=0 



'6l + 27ri/^ 



v=0 
N-1 



N 



- Co 



where cq = Ylu=o P'i^w)- follows that setting r) = e*'' we have 

E /i(Cr?'/^)-co (38) 

where ry^/^ = e*^/'^. Since the right hand side of (38) is independent of the 
chosen branch of rj^^^ we get the equation 

^f'iv^) = Yl /"^(^'?) - ^0 for r? G T . (39) 

If n is iV-invariant, equation (36) therefore holds for all 77 G T with cq = 
X^C^i ft{C) S'lid integrating it we also get cq = {N — l)/xo- 
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Now assume that (36) holds A-a.e. for some constant cq. Then we have 
Cuifi) = ^c^NiP') for I' ^ and cq = (N — l)/io- Now equation (34) impHes 
that for 1/ / we have Ciy{fj,) = Cyiq^ji) i.e. that N^ji = jihy assertion (23). 
b) Equation (37) is equivalent to the functional equation 

NKi^"") = v(c^) . 

Now the claim follows from proposition 2. □ 

Given a measure fi G Af(T), there is a measure N*fi such that /iat*^ = N*h^. 
The following construction of N*ji is a special case of a more general construc- 
tion in ergodic theory. Its relevance for the Herglotz transform was noted in 
[LH]. For < A; < iV set 4 = ^^^%tl)) also viewed as an arc of T. Then 
(pN : /fc ^ T is a bijection. Let Zfe : ^ T be the inclusion and set 

IJ-k = ik*{'PN |/fc)r^/^ ) 
a real Borel measure on T with support on Ik- More cxplicitely: 
Hk{E) = h{(Pn{E n Ik)) for all Borel sets EcT . 
The measure N*fi G M(T) is defined by the formula 

^ JV-l 
A;=0 

Note that N*iJ, is in M+(T), M(T)sing if and only if this is the case for n. For 
a measurable function a : T — > C or a holomorphic function a G 0{D) the 
function A^^^^o; on T resp. D defined by 

(iV,a)(r?) = 1 ^ a(Cr?^/^) 

is well defined and again measurable resp. holomorphic. We have {NiN2)i.a = 
Nu{N2*a) for aU A^i, iVa > 1. If > and a > or if G M(T) and A^*|a| 
is |/x|-integrable the following formula follows from the definitions: 

/ ad{Ny) = j {N^a)dii . (40) 
Jt Jt 

An immediate calculation using (40) and the formula 

N^{aN*j3) = {N^a)P 
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for measurable functions a, /3 : T — )■ C gives the "projection formula" 

N^aNy) = iN^a)fi . (41) 

It is valid under the conditions on a and /i in equation (40). In the next 
proposition we set arg 77 = if ry = e*^ G T with < ^ < 27r. 



Proposition 12 For 11 G M(T) and C, we have the formulas: 

hN,n = N^h^ (42) 

hN*^, = N*h^ (43) 

N^N*ii = n (44) 

N*N^fi = -^IVjv(Ai) where TV;v(m) = Yl ^^^^ 

c^(Af» = c^/jv(/u) ifN\u and c^{Ny) = tf N J(u (46) 

N*M^fj. = A'UN*n ifN,M>l are coprime . (47) 

nTKv) = Yl A(C?7'/^) - Co where cq = A(C) (48) 

iV^u(r?) = l[iV^KT) + lA(^^) forr^eT (49) 

N^H = j^N*fi if n{T) = 0. (50) 

cFV = rA-(C*A)(l) ^//"(T) = (51) 

Trjv(/x) = TrAr(/i) - cq w/iere cq = ^ fi{C) (52) 



Finally: 



Giv> = (53) 
Giv.;. = iV(iV*G^) (54) 



Proof Equation (42) is a restatment of (16). Equation (43) follows by the 
calculation in the proof of [LH] theorem 2.1 or alternatively using formulas 
(19) and (40). Formula (44) is a special case of (41). Formula (45) follows 
from (43) and (16) or by a short calculation. Formula (46) is a consequence 
of (40). Equation (47) follows from (22) and (46) or directly. Formula (48) 
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is a restatement of (39). As for (49), we argue as follows: For < ^ < 27r we 
have: 



N-l 



Nellie) = ivV[o,^) = l^M(^(4n[o,e))) 



k=0 





r27r 








\n±] 


IN 


I 27rJ 



0<fc<[iV|^] 



1 

N 



. 27r. 



m(T) + —n[0, {NO}) where (a) = a - 27r 



a 



27r 



')) 



This implies equations (49) and (50). Formula (51) follows from the defini- 
tions. It implies (52). Equations (53) and (54) follow from the definition of 
Gn using (42) and (43) and the equality (N*n){T) = //(T) which follows from 
(44) for example. □ 



Remarks 13 a) If iV*/x = /x for some N > 2 we have h^{z^) = hn{z) and 
hence 

hf,{z) = lim h^{z^") = /i/,(0) = ^i{T) = /i^(t)a(^) • 

It follows that /i = /i(T)A. This conclusion also follows from a consideration 

of Fourier-coefficients using formula (46) . 

b) For jjL e M(T) let ^ C T be a Borel set with /x(5) = iJ,{B n Q) for all Borel 
sets B. Then for the Borel sets (fN{G) and ip]^^{G) and all B we have 

{N,iJ,){B) = {N,iJ,){B n ipN{G)) and (iV»(5) = (A^»(5 n ^]v'(^^)) • 

c) If /Lt G M+(T) satisfies N^/i = /i we have 7V> = iV*iV*/x = Ar-iTr7v(At) 
and hence fi <ti N*fi. Thus there is a density a such that ^ = aN*fi. This 
a corresponds to S' in [P] § 1 where S = ipN- Moreover w i-^ iV*(aw) is the 
Perron-Frobenius operator denoted by L_f in loc. cit. up to the factor —N. 
The density a is quite useful in the ergodic study of (pN, • I do not see 
how to phrase it or at least its existence in terms of the Herglotz transform. 



5 Simultanous functional equations 

Consider pairwise coprime integers Ni, . . . , Ng with s > 1 and all Ni > 2. 
They generate the multiplicative monoid S of numbers A^^^^ • • • N^" with all 
Ui > 0. Set O = 0{D). 
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For a left »S-module M. we set 

H^{S,M) = {meM\ sm = m for all s G <S} 

and 

Z{S, M) = {m e M\sm = for all s e S,s ^ 1} . 

For a right 5-module A4 we let A4S be the submodule of A4 generated by 
the elements ms ioi m e M. and s G 5, s 7^ 1. Then we have 

MS = Nl{S) + ... + n;{s) 

if we write N* for right operation with iV G 5. If the group law of Ai is 
written multiplicatively we also write Ai^ for AiS etc. 

We now introduce some useful operations. For C G T let [(] be the rotation 
of T defined by [Qrj = C,ri. The maps and ipN loi N > 2 generate a 
submonoid S of the monoid of self maps of T or of D under composition. The 
only relations are the following 

<^NVM = fNM , [CM = [Cri] , ^n[C] = [C^]^N ■ 

Identifying Ni with Xi = cp^^ we will view 5 as a submonoid of S. The 
monoid S acts from the right on functions on T (resp. D) by puUback. It also 
acts from the left on by the formulas 

i[r]]f){z)=fir]-'z) and 

{VNf)iz) =( n fiCz'/'')^ with ivNfm = /(O) . 

The product 11^^=1 fiC^^^^) is independent of the choice of an iV-th root of z 
and it defines an analytic function on D. Its value at 2 = is given by f{0)'^ 
and for the definition oi ifj^f we take the unique branch of the A^-th root for 
which ((^7v/)(0) = /(O). Usually we will write N^f = tpNf- The definition of 
iV* on is compatible via the exponential map with the definition of AT^ on 
O given before proposition 12. With these notations we have for example 

i7°(5,OX) = {/GOX|/(z^)^= n /(C^) fovNeS} 

and 

Z{S,0'') = {ueO''\ Ylu{Cz) = l foTNeS,N^l}. 
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The monoid S acts from the right on M(T) by the formulas: 

= [ri~^]^,iJ, and fi(pN = Ar*/i . 
It acts from the left by push foreward. The natural map 

M(T) ^ ox , ^ ^ = cxp(-/i^) 

is left- and right 5-equivariant by formulas (42) and (43). Let TZ = be the 
semigroup ring of 5'. The left and right actions of S on functions and measures 
extend to left and right 7?.-actions. For f E and r E TZ we usually write 
f for / • r. We set 7^Q = QS and 7^ffi = 



The polynomial ring Z<S = Z[Xi, . . . ,Xs] is contained in TZ. The following 
elements of TZ and TZq will be useful: 

s 

^S = llil-Xi) (55) 

i=l 

Triv = ^ [C] and ejv = iV-^TVjv (56) 

s 

ns = Yl{l-ei) where ei = Nr^TiNi for 1 < z < s (57) 
1=1 

Note that the are commuting idempotents in TZq for 1 < z < s. We have 
the relation 

^sei = (ci - Xi)Y[{l - Xj) in7^. (58) 
We also need the element 

oo oc 

^S=^m=Y.---Y.^i"---^s' inZ[[Xi,...,X,]] (59) 
Nes 1/1=0 i's=o 

and the relations 

$5^5 = 1 = ^5^5 mZ[[Xi,...,Xs]]. (60) 
In some cases ^'5 acts on functions: 

Lemma 14 For any a € with a{0) = 1 the infinite product 

a^s .- Y[ N*a 

NeS 

converges locally uniformly to a function in . 
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Remark More explicitly, for z G -D we have 

1^1,. ..,Vs 

where ui, . . . run over the non-negative integers. 

Proof Fix any < r < 1. Because of a(0) = 1 there is a constant c = > 
such that we have 

\a{z) — 1| < c\z\ in |2;| < r . 

Since the series 

Vl,--;VS k>l 

converges, it follows that the product for a^^ converges absolutely and uni- 
formly in \z\ <r. □ 

Let be a left- and right T^Q-module such that for all AT > 1 the relations 

N^N* = id and N*N^ = 

hold, where iV* and N* denote left and right multiplication with ipN and 
where left and right multiplication by ctv agree on M. Then it follows that 

N*{M) = eNM = MeN for all iV > 1 

and in particular that 

MS = Mei + ...+Mes = eiM + ... + esM . (61) 

Moreover we have the following alternative descriptions of _) and Z{S,J) 

in terms of the right action of S 

H°{S, M) = {meM\ mipN = meN for all N e S} (62) 
Z{S,M) = {meM\meN = ioi all N e S,N 1} (63) 

The conditions in the descriptions (63) and (62) have to be checked only for 
N = Ni with i = l,...,s. 

Proposition 15 For a left and right TZq-module M as above, the map 

TT : Z{S, M) — > M/MS , 7r(m) = m + MS 
is an isomorphism. The inverse of tt is given by the map 

ns : M/MS Z{S, M) , ns{m + MS) = mfls = ^sm . 
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Proof The relation ^s^i = for i = where = cat. shows that 

mO,s G Z(S,A4) for m € TW. The relation CiQg = implies that {MS)Qs = 
0. Hence right multiplication by induces a well defined map 

It remains to show that it is inverse to tt. For m G A1) we have mcj = 0, 
hence m(l — Cj) = m and hence m^s = "m- This gives figoTr = id. Write 

$^5 = 1 + ^ J^iCi with rj G 7?.q . 

i=l 

For m e M. this implies: 

mQ^ — m = y^^{mri)ei G TWei + . . . + Mcs = MS . 

i=l 

Hence we have tt o $7^ = id as well. □ 

These facts apply in particular to the following uniquely divisible groups M. 
of functions T C Af^ C = {u e C \ u{0) = 1} where Af^ = W D and 

I = I ^ I a = — with singular inner functions ajj 
a{0) a2 

Proposition 16 The following diagram of injections and isomorphisms is 
commutative: 

H^{s,i y > z{s,i) ^ > x/x-g 

i?0(5,7Vi)^^ A^i) ^ AAVAAi'^ 

" rS \ 

Here the maps are defined as follows: ^s{f) = f^^ and ^'5(0;) = a^^ where 
we use lemma 14- The maps tt are induced by inclusions. We have 

Tr-\[u])=u^^ forueO\Af\l. 
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Remarks 1) For s = 1,2,3 the map $5 looks as follows explicitely: 



resp. 



2) For / G i?°(5,0^) we have $5(7) = 05(/). Hence the composition 

7ro$5 : /f°(5,C'^) ^ OVC^*^ 

maps / to / mod O^*^. 

3) The map = '^soQ^ : 0^ — > is a projector with image H^{S, O^) and 
kernel O^^. We thus get a canonical decomposition = O^^ x H^(S,0^). 
However there is no such decomposition if we replace by I. 

Proof Using lemma 14 and the formal relations (60) it follows that the maps 
^s{f) = f^^ and ^5(0) = a^^ define mutually inverse automorphisms of 
O^. Note here that for /i G we have: 

/j 1 ■■■ s — y I locally uniformly as = z^i + . . . + 1^5 — > 00 . 
Since is an 7?.Q-module relation (58) holds on O^: 

<^sei = {e^ - Xi)ll{l - Xj) . 

For / G H^{S, O^) we therefore get 

<^sUT = /*^^' = 1 for 1 < i < s . 

Hence $5 maps iJ°(5, O^) to Z{S, O^). The relations X^ej = Xi and X^Ci = 
eiXj for z 7^ imply the formal relation: 

*5(ei - Xi) = ei^Si ■ 

Here <Si C «S is generated by the numbers Ni,...,Ns except for Ni. Using 
lemma 14 this leads to the formula 
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for any a & O^. For a G Z{S,0^) we therefore have 

"^siaf^' = 1 for 1 < i < s 

and hence ^5 maps Z{S, O^) to H^{S, O^). It fohows that $5 : H^{S, O^) 
Z{S,0^) is axi isomorphism with inverse ^'5. It is clear that maps Q) 
to Z{S, Q) for ^ = I and M^. The injective map 

is an isomorphism because of theorem 5. Hence we are done with the left 
hand side of the diagram. The right hand side is commutative by proposition 
15. □ 



Corollary 17 Assume that a & with a(0) = 1 satisfies the relation 
Y\i^N^i Q;(C-2) = 1 for some N >2 and that the function 

00 

fiz) = l[a{z^') 

is in the Nevanlinna class Af. Then a = u/u{0) where u is a quotient of 
singular inner functions. The function f satisfies the functional equation (1). 

Proof The assertion follows from theorem 5. It is also a formal consequence 
of proposition 16 for S = {N'^ | > 0} the monoid generated by N because 
a G Z{S, O^) and / = ^^(a)- □ 

Example 18 For any o G C* the function 

00 00 
= n expCaz-^") = expa^^;-^" 

satisfies the functional equation (1) and f ^ A/". 



This follows from corollary 17 since |expa2;| is a non-constant function of 
z G T if o 7^ 0. 

We now discuss atoms. For a function / G and 77 G T we set 
A{fm = -\ lim (l-r)log|/(rr?)| 

2 r— 
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if the limit exists. We say that A{f) exists if A{f){r]) exists for every r/ G T. 
Note that for G M(T) we have by equation (9) 

A{U){v)=fi{v}. (64) 

In particular A{f) exists for every / G J\f^. We call f E atomless if A{f) 
exists and equals zero. Set = 111=1(1 ~ ^f^-^i) ^ ^Q- 



Proposition 19 a) For f e assume that A{f) exists. Then A{f^^) 

exists as well and we have 

^(/*^) = A(/)$^. 

In particular, if f is atomless then f^^ is atomless as well. 

b) For a £ with a(0) = 1 set f = a^^ as in Lemma I4. Assume that 

A{f) exists and that we have 

lim N-^A{f){r]^) = forallrjeT. (65) 

iV— >oo 

Nes 

Then A{a) exists as well and we have pointwise on T: 

A{f) = lim A{a) Y Y ' ' ' ' . (66) 



1/1=0 Vs=Q 



In particular, under these assumptions, if a is atomless, then a^^ is atomless 
as well. 



Proof a) Using the formula limr_j.i_(l — r) ""^(1 — r ) = it follows that 
with A{f ) also A{f-^'') exists and that for G T we have 

Aif^'^M = jfMf){r,''^) . (67) 

Hence we get 

^(/^-^0 = ^(/)(i-^) 

and the assertion follows by induction. 

b) In the proof of proposition 16 it was shown that a = f^^. Thus A{a) 
exists by a) and we have 

s 

Aia) = Aif)llil-Nr'X,). 
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This gives 

^(") E |^=^(/)n('-i) 

i=l,...,s 

= A{f)+ (-1)''*'N-'*'=A(/) -X^*^ . 

de{o,i}« 

Here we have set N = (A^^i, ... ,Ns) and X = {Xi,. . .Xg) and used multiindex 
notation. Since for fc — > oo the right hand side tends to A{f) pointwise by 
assumption (65) the assertions follow. □ 

Set M0(T) = {ne M(T) | /x(T) = 0} and 

M'"o(T) = {/i - At(T)A I G M(T) singular to A} . (68) 

Then the map n ^ defines isomorphisms 

M^{T)^Af^ and M'^°{T)^I. (69) 

Let M^(T) resp. M^"(T) be the subspaces of atomless measures in M°(T) 
resp. M'^o(T). For functions / in Af^ the function A{f) exists by equation 
(64). Let J\fc resp. Ic be the subgroups of atomless functions in J\f'^ resp. I. 
By our definitions the isomorphisms (69) restrict to isomorphisms: 

M^(T)^Af^ and M^°{T)^Ic. (70) 



Corollary 20 a) Under the map : H^{S,M^) ^ Z{S,M^) an element 
f € H^{S,Af^) is atomless if and only if ^s{f) is atomless. 
h) The natural map 

is an isomorphism with inverse induced by right multiplication with Q5. 
The same assertion holds for Ml instead oflc- 

Proof a) For / G Af^ the function A(f ) exists and is bounded by (64) and 
(69) . Hence condition (65) is satisfied. The assertion follows from proposition 
19 a), b). 

b) Ic is a left- and right sub- 7?.Q-module of I. Now one applies proposition 
15. The argument in the case of Af^ is the same. □ 
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6 Back to measures and on to premeasures 



In this section we reinterpret and extend the preceeding considerations in 
terms of measures and cumulative mass functions. The study of the map ^'5 
in this context leads to premeasures and functions of bounded K-variation in 
the sense of Korenblum [Kl], [K4]. Proposition 16 and Corollary 20 imply 
the following assertion: 

Corollary 21 LetM be either M'^iT) orM'^o(T). The map $5 : H^{S,M) ^ 
Z{S,A4) sending ji to 

s 
i=l 

is injective. For /U G H^{S, A4) we also have = fiilg. A measure 

jJL € H^{S,A4) is atomless if and only if ^sip) atomless. The inclusion 
Z{S,M.) ^ M. induces an isomorphism Z{S,M^) — > M./M.S whose inverse 
map sends ji mod M.S to 

s 

1=1 

The subgroup MS consists of the measures /j, with Ci,{fj,) = if Ni\v for all 
l<i<s. 

Proof Only the last assertion still needs proof. A measure /it G is in M.S 

if and only if Ci,{Qsfj,) = for all G Z. We have c,y((l — ejsj)ii) = Cu{^j) if 
N \ u and Cy{{l — eN)^i) = for iV [ z/. Hence c^i^s^^) = Cv{^J^) if iVj | z/ for all 
1 < i < s and Cy{VLslJ') = if iVj 1 1/ for some index i. □ 

Remark We have 

Z(5,M(T)) = Z(<S,M°(T)) 

and 

Z(5,M(T)sing) = Z(5,M0(T),ing) = Z{S,M^^{T)) . 

Now let C7 be a measure in Z{S,M). The formal series 

/x = a*5=E^*^= E {Nl^r-'-iK'T^ (71) 

NeS vi,...,vs>0 
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will not converge to a measure in general. If it does, we have A'j^^// = /j, for all 
1 < i < s by the following computation where we use that iVj^o" = 0: 

{N,Ni)=l N 

^ N*Ni^a + Ni^N*N*a 

{N,Ni)=l N 
(44) .r* 
N 

In order to discuss the convergence of this series (71) is is best to evaluate it on 
the intervalls [0, 9) i.e. to look at the corresponding scries of cumulative mass 
functions. Recall the correspondence M(T) — > y(T),/x i— >■ ft between mea- 
sures on T and left-continuous real- valued functions fi of bounded variation on 
[0, 2tt) = M/27rZ = T with /i(0) = and for which /i(2vr-) exists. Here M°(T) 
corresponds to the subspace y'^(T) of functions jl with lim0^27r- A(^) = or 
equivalcntly with /t left-continuous when viewed as a function on T. The 
space M'^o(T) corresponds to the space V'^°{T) of functions jl in y°(T) with 
^ constant A-a.e. We now introduce a new right 7^-modul structure denoted 
by • on the space of functions a; : T — >■ C which have left limits in every point 
r/ G T by setting: 

c^.[C] = C*'^-(C^)(l) forCGT (72) 

and 

u;'<pN = N-'N*u; + ^ [n^]co{1-) . (73) 
Note that we have 

wIVjv = 'IVjv(w) - Yl ^(0 • (74) 

Because of equations (49) and (51) the space V{T) is an 7^-submodule and 
the natural map M(T) — )• V{T) is an isomorphism of right 7?.-modules. For 
any right 7?.-submodule V of V{T) we set c.f. (63): 

Z{S,V) = {il€V\fi'eN = for all iV G 5 \ {1}} . 

The formalism implies that Z{S,V) C V^{T). This can be seen directly as 
follows. The equation fi'Tvp^ = implies that 
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Since functions fi € V{T) are left-continuous in any point ( G T,(^ ^ 1 this 
implies ) = fi{l) = 0. 

The space V'^{T) is right 7?.-invariant and the operation simplifies somewhat. 
We have 

a'ipN = N-'^N*a for iV > l and (t G y°(T) . (75) 

Under the isomorphism M(T) ^ V{T) the subspace Z{S,M''"{T)) C M(T) 
corresponds to the subspace Z(5,y"(T)). On Z{S,M^{T)) it was not clear 
how to make sense of the map *5. On Z{S, V°{T)) and even on V^{T) the 
situation is more lucid. For a G F°(T) which is in particular bounded, the 
series 

a'^ifs =^a^ipN =^ N-^N*{a) (76) 
Nes Nes 

is absolutely and uniformly convergent. Since a is left-continuous on T the 
function ^5 (a) = a'^g is therefore left-continuous on T as well. Since a is 
of bounded variation, & has right limits in every point of T. By the uniform 
convergence the same is true for ^'^((j). Finally we have *5((t)(1) = for 
1 G T since a{l) = 0. It follows that /t = ^'5(<t) is the cumulative mass 
function of a premeasure on T (always with n{T) = 0). Let us recall this 
notion following [Kl] §2 and [K4]. Let /C be the set of all arcs i.e. connected 
subsets C of T. A function /x : /C — ^ M is called a premeasure on T if the 
following conditions are satisfied: 

a) m(0) = n{T) = 

b) n{Ci U C2) = n{Ci) + n{C2) for all Ci, C2 G /C with Ci n C2 = 

c) lim,^^oc ^^{Cu) = for every sequence {Ci,)i,>i of arcs E JC with 
Ci D C2 D . . . and n^>i ^ = 0. 

By finite additivity /x extends to a real valued function on the ring in T 
generated by the arcs. 

The vector space of premeasures on T is denoted by P(T). It contains M°(T). 

As for measures, the cumulative mass function fi : [0, 27r) — >■ M is defined 
by setting fl{9) = pL{Ce) where Cq = expi[0, 0). In this way one obtains an 
isomorphism between P(T) and the space V^reCl") of functions jl : [0, 27r) M 
which satisfy the following conditions: 

a) /},(0) = = lim0^27r- KO) 

b) /i is left continuous on [0, 27r) 

c) jl has right limits in every point of [0, 2tt). 
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When viewed as a function /x : T — )■ M the conditions read as follows: 



a) /t(l) = 

b) /x is left continuous on T 

c) ft has right limits in every point of T. 

Remarks 1. We have |U{C} = A(C+) - A(C) for every jx G P(T) and C e T. 
Hence /x is atomless if and only if /i : T — t- R is continuous. 
2. It is known that the functions on T which have left and right limits in 
every point are exactly the uniform limits of step functions. In particular 
they are bounded, a fact that is also easily seen directly. It follows that for 
every premeasure /x there is a constant ^ > with |)u(C)| < A for all arcs 
C C T. One can take A = 2sup^gT |A(C)I- 

The right and left 7^-module structures on M°(T) extend to P(T). For /x G 
P(T) and arcs C C T we set for iV > 1, C G T: 

lxj^{C) = fi{ipN{C n Ik)) foTO<k<N-l 

N-l 

(flfl^ = Ilk ■ 

k=0 



Here Ik = — -) is considered as an arc of T. In this way we obtain 

premeasures ifN'fJ- = V^at/^ = N*fj, and [C]*^ = C*t^- The left and right 
S- and hence 7^-module structures of P(T) are defined as before: 

ipNiJ- = (PN*fJ' resp. fi(pN = V*NfJ' 
[C]/^ = [C]*/" resp. /x[C] = [C^fJ- ■ 
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Proposition 22 For /j, G P(T) and r] we have the formulas: 



N^Ny = /i (77) 

N*N^fi = -^TVjv(/x) where Trjvl/x) = ^ [C]*/x (78) 

N*M^H = M^N*fi ifN,M >1 are coprime (79) 

fFix = ^N*p. (80) 

iV^(r?) = 5] /XCr/'/"^) - CO w;/iere cq = A(C) (81) 

^H = ri*fi-{r,*fi){l) (82) 

T^) = IVatA - CO (83) 



In particular the isomorphism P(T) — > Vprei"^) mapping n to ft becomes a 
map of right 7?,-modules where TZ acts on VprcCT) by using the action • defined 
in (72), (73). The proofs are similar as for measures, c.f. proposition 12. 

We have seen above that for a £ V^{T) the function jl = a'^^s is in VprcCT). 
Let n G P(T) be the premeasure corresponding to /t. Since the series in (76) 
converge absolutely we see that for C = Cq with < ^ < 27r we have: 

m(C) = ^ {a^N){C) = ^ iV*(a)(C) . (84) 

NeS N&S 

Note here that 

{a'LpN){6) = o^{0) = (cr(^iv)(C) . 

Taking differences and using //(T) = = <t(T) it follows that (84) holds for 
all arcs C = expz[^i, 62) with 9i < 62 as well. Using the uniform convergence 
in (76) we get for any C € T 

/i(C+) -MC) = Y.^<y'^N){(,+) - (a.(^7v)(C) • 

This means that (84) holds for one point arcs C = {Q as well. Using additivity 
we finally see that equation (84) holds for all arcs C G /C, the series being 
absolutely convergent. This gives a direct description of the premeasure jJL =: 
=: ^'5(0') corresponding to a'^^s- 
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The preceeding constructions for measures extend to premeasures. We have 
PS = Ar*P(T) + . . . + N*P(T) = P(T)ei + . . . + P(T)e, 

and 

Z{S, P(T)) = € P(T) \N^fi = iovN £S\ {1}} 
= G P(T) I ^ejv = for iV € 5 \ {!}} . 

As usual the conditions need to be checked for N = Ni, . . . , Ng only. Next we 
consider 

H°{S, P(T)) = {fi£ P(T) I N^fi = fx for all N £ S} 

= e P(T) I ^(^AT = fiCN for aU € <S} . 

As before one shows that for a G P(T) the series 

*5(^) := <T'*5 := ^ 6-.(^Ar = X] (85) 

is absolutely and uniformly convergent and hence defines an element of V^re(Tr)- 
It follows that the series of premeasures 

^si<T):=(J^S-=^<Jm=^N*{a) (86) 

converges absolutely on arcs (7 C T to the prcmcasure with 'i'si^^) = '^s{(^)- 
For jj, e P(T) and fi G Vpre(ir) we set ^silJ-) = IJ-^S resp. ^^(/t) = i^'^s- 
Since the series (85) and (86) converge it follows from the formal relations 
(60) that $5 and define mutually inverse automorphisms of V^jic(T) and 
hence of P(T). These automorphisms respect the 7^ (8> M-submodulcs PcClT) of 
atomless premeasures and Vpre,cO^) of continuous functions in FpreCT). Note 
that PcClT) ^ V^re,c(Tr) under the map /x /x, as observed before. Using 
similar arguments as in the proof of proposition 16 we get the following result 
where the index c refers to "atomless" . 

Proposition 23 The following diagrams of injections and isomorphisms are 
commutative 

H^S, M0(T))^^ ZiS, M0(T)) — ^ M0(T)/M0(T)5 



H^{S, P(T)) Z{S, P(T)) — P(T)/P(T)5 
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and 



*5 



ZiS,PciT)) 



Pe(T)/Pc(T)5 



i/ere tt denotes the map induced by inclusion. Its inverse is given by right ( or 
left) multiplication with Cls = 11^=1(1 ~ ^i) ^ ^Q- H^{S, P{T)) we have 

$5 = ns. 



The space Pc(^) corresponds to Vpre,c(Tr) which consists of all continuous func- 
tions /t : T ^ M with = 0. The /-"^-sequences of complex numbers {c,y)iy^z 
with Cj/ = if iVj I z/ for some 1 < i < s and with c^^ = for all G Z give 
rise via their Fourier series fi{ri) = '^^^^ c^^rf to pairwise different functions 
in V^re,c(Tr)/V"pre,c(1')5. Hence P^iT) / Pci^)S has uncountable dimension as a 
real vector space and it follows that there are very many atomless 5-invariant 
premeasures on T. The premeasures obtained from measures by the map ^'5 
are not arbitrary however. Using complex analysis we will show that they 
belong to certain very interesting and restrictive classes introduced by Koren- 
blum. 



7 The Herglotz transform of a premeasure 

Korenblum extended the notion of the Herglotz transform from measures to 
premeasures. We extend some of the preceeding formulas to this more general 
context. 

For a distribution T G P'(T) on the circle T = M/27rZ c.f. [Sch] the Herglotz 
transform Ht is defined by the formula 

hriz) = T{kz) where kz{0) = and z e D . 

We have 

00 

/it(^) =co(r) + 2^c,(T)z^ 
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where c^(T) = T{e~'^^^). It is known that for some > depending on T 
we have Cy{T) = 0(|j^|^) as \v\ oo. Hence hx is analytic in D. Like for 
measures one introduces the analytic function in D defined by 

Gt{z) = — / {hriw) - c^iT))— . 
2-Ki Jq w 

A measure fi G M(T) defines a distribution of order zero on T by setting 
T^^if) = Jjifdn for any test function </? G P(T) = C°°(T). It is clear that we 
have hfj, = Ht^- Partial integration (29) shows that we have: 

= 2ttTI^ + ii{T)52^ in P'(M/Z) . 

In particular, for ^ G M^(f) we have = IttT'^^. Following Korenblum 
and Hayman [HK] we define the distribution attached to a premeasure 
/X G P(T) by this formula 

Note that T/^ has order < 1. In particular the Fourier coefficients C;/(/x) := 
Cy{T^) satisfy the estimate Cy{^) = 0{\v\) as \v\ oo. The distribution 
determines /i uniquely because T^_>^ = implies that we have (/i — c)A = for 
some constant c. Hence /x = c A-a.e. on T and therefore jl = c everywhere 
on T since /t is left-continuous. It follows that = /x(l) = c hence /t = and 
therefore /x = as well. The Herglotz transform of /x G P(T) is defined by 

V(^) := /iT,(^) = -27rT^;,(^A;,(e)) = 2iz J^^ f^^g) d9 . 

This extends the definition for measures // in M^{T). We have 

G^(z) := Gt,{z) = —J^ h,{w)— for G P(T) . 

Note here that h^{0) = 0. There are similar relations as in proposition 12 
where the first formula is from [HK]: 

Proposition 24 a) For jjl G P(T) we have the formula 

hjxx = G^ + jiQ where jiQ = / jldX . (87) 

b) For ne P(T) we have G H'^ and 

jl = ReG^ + hq holds A-a.e. on T . (88) 
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c) A premeasure G P(T) satisfies N^/i = fi for some N > 1 if and only if 
the following functional equation holds for some constant cq 

In this case (89) holds for all rj and we have 

<^=Y1 MC) = (iv-iVo. 

d) A premeasure ji € P(T) is N -invariant if and only if for all z ^ D we have 

G,{z^) = J2 G,{Cz) . (90) 



e) For fi G P(T) and N > 1 we have 













= iV-iTViv(/i^) 











(91) 
(92) 
(93) 

(94) 

(95) 



Proof a) Since hfj,x{0) = no it suffices to sfiow tfiat we fiave 

zh'^^iz) = {27ri)-'h^iz) . 

For ly > 1 the ly-th Taylor coefficient is given by 2uci,{jl\) on tlie left and by 
(7ri)-ic^(T^) on the right. For any T G V'{T) we have c^{T') = ivc^{T) for 
all € Z. Hence we get 

(7ri)-^c,(r^) = -2ic,{Tl^) = 2vc,{Ti,x) = 2uc,{fi\) . (96) 

b) We have 

G,(.) = -f;^.^ (97) 



and 



=4.2 5^|c.(AA)r 



i/=i i/=i 
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This series is convergent by Parscval's formula since jl G L°° C L^. Hence 
€ and the boundary function exists A-a.e. on T. We have 
C-iyiTfj) = Cu(Tij) since is real. Now we argue as in the proof of propo- 
sition 10 b). 

c) It follows from (81) that N^jj, = ji implies equation (89). If on the other 
hand (89) holds A-a.e. for some cq then using (81) we get 

N^niv^) = Kv^) + Co - do for A-a.a. G T . 
Here we have set do = X^^iv=i /i(C)- It follows that we have 
N^jjL = fi + Cq — do A-a.e. on T . 

Since N^fi and fl are both left continuous this equality holds everywhere on 
T. Evaluating at r/ = 1 we find cq = and hence N^^ = jl i.e. AT^/x = /x. 

d) Because of (87), relation (90) is equivalent to 

hp,\{z'^) = hjxx{C,z) - Co where cq = (iV - l)/xo 
= T^N{hfix) - Co 

^= ^^iV.(AA)(2;^) - Co = ^ArjV.(AA)-coA(^^) • 
Since the measures in question are real, this is equivalent to the relation 

p,X = NN^ifiX) - cqX . (98) 
By (41) we have NN^{fiX) = aX where a{r]) = EcJv=i A'(^^^^C)- 
Hence (98) is equivalent to the formula 

and hence by part c) to N^fx = fi. Alternatively, d) follows from equation 

(95). 

e) To show (92) it is easiest to compare the Taylor coefficients of both sides. 
Thus we must show that we have Cy{Ti>^*^) = c^/n{Tii) for u > 1 where we 
set CQ(r) = for a G Q \ Z. We calculate: 

c.{TN'^,) ^= 27riz.c,(iV>A) 27ri^c,{{N* il)X) 

= 27ri-^c^/Ar(AA) c„i]si{T^) ■ 
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Equation (91) follows similarly using (81). 
As for (93) note the following: 

Finally (94) and (95) follow from (92) and (91). □ 
We end this section with a discussion of atoms. 

By formula (9) it is possible to recover the atoms of a measure ^ € M(T) 
from the Herglotz transform h^. As we will show this is also possible if /i is a 
premeasure. The proof is more delicate though. 

Theorem 25 For ix G P(T) and every rj eT we have 

lim J(l - r)Reh^{rri) = /x{??} . 

Remark I do not know whether limr_).i_(l — r)Im/i^(r77) exists in general 
for premeasures fi. 

Since /^{t?} = fi{ri+) — p,{r)) = fi{rj+) — jJ-ij}—) the result follows from the next 
theorem. 

Theorem 26 Let /i : T — M 6e a function which has left and right limits in 
every point. Then the function 

/•27r id 

h{z) = 2izj^ j-f—^mde 

satisfies the limit formula 

lim -(1 — r)Keh{rr]) = fi{rj+) — fi{ri—) for every rj G T . (99) 

Proof Setting h = h^ we have rfh = h'' ^ for every G T. Hence it suffices 
to prove (99) for = 1 i.e., viewing /i as a 27r-periodic function on M, to show 
that we have 

lim ^(1 - r)Re/i(r) = /i(0+) - /x(O-) . (100) 
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Set 



, ^ rie*^ 9, sin 

^,(^) = Re— ^ - = r{l-r^) 



Then we have tpr{—9) = —ipr{0) and hence: 



Re/i(r) = 2 /" ■4)r{e)fi{e) dO 

J — TT 

= 2 rMe){m-i^i-0))d0. 







The relation 



imphes the formula 



^ 2 Vd6' e*^ -r/ 
/■'^ 2r 

/ ^,(0)d^ = - 2- 

Jo 1 - 



-Re ^(r) - (/i(0+) - /i(0-)) = — ^ / Vr 

Jo 



Hence we get 

4r 
where 

e{9) = im - A(o+)) - - A(o-)) . 

For every < 5 < tt we have 

„2 /-TT 



r-->l— zr J 5 

Now fix some e > 0. Choose < (5 < tt such that 

|/i(±6') - /i(0±)l < I and hence \e{e)\ < | for < 6* < 5 . 

Because of (105) we find some < r{£) < 1 (depending only on 6 
such that for r(e) < r < 1 wc have: 



„2 /-T 



Using (104) and (105) we get the estimate 



1 — r 



2 



4r 



■Re/i(O-(A(0+)-A(0-)) 



< - 
- 2 



2 /-S 



/ Vr(^)k(^)|d^ + 



/ V'r(^)k(^)| 

Jo 

]^ _ 2 /.TT 
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The important point here is that V'r(^) > for < < tt. The corresponding 
assertion does not hold in a similar analysis of the limit behaviour of Im/i(r). 
This resembles the difference between the Fejer and the Dirichlet kernel in 
the theory of Fourier series. In any case, we have shown that: 

1 -r^ 

lim — — Reh(r) = /t(0+) - fl(0-) . 
Formula (100) and hence the theorem follow. □ 



8 Background on Nevanlinna— Korenblum theory 

In this section we review some of Korenblum's work on generalized Nevanlinna 
theory. For our purposes it is necessary to extend parts of [Kl], [K2] in a di- 
rection suggested by Seip [S] § 1 Remark 3. We also reinterpret the K-singular 
measures of Korenblum as pairs of "/t-thin" mutually singular possibly infinite 
positive measures on B{T). 

In the following k will always denote a continuous nondecreasing concave 
function k on [0, 1] with k(0) = and k{1) = 1. For real a > 1 and < a; < 1 
we have: 

J-) = J- + (l- -)o) > -k(x) + (l- -)n(0) = -k(x) . (106) 
\a/ \a \ ay y a \ a/ a 

Hence k{x)/x is nonincreasing and in particular i<i{x) > x since k(1) = 1. 
Moreover 

n(x + y) < k{x) + K{y) for x,y >0 with x + y <1 (107) 
because of (106) 

^(a:;) + niy) > — — k{x + y) -\ — k{x + y) = k(x + y) . 

x+y x+y 

In [K4] section 4, Korenblum introduced the notion of a premeasure on T with 
bounded K-variation as follows. For an arcC C T let |C| = A(C) G [0, 1] be the 
normalized arc length of C. For ji G P(T) the K-variation norm = Var^/i 
is defined as 

"'''''E.'^dc,!)- 
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Here the supremum is taken over all finite partitions {Cj} of T into disjoint 
arcs. If II /ills < oo the premeasure fi is said to have bounded k- variation. 
For K{t) = t one obtains the usual notions of bounded variation and total 
variation norm. Note that since J2j — J2j l^jl — ]iave 

M^< sup J2HCj)\. 

j 

The premeasure fi may have bounded k- variation even if its ordinary variation 
is infinite. Let -Pre(T) denote the set of all premeasures in P(T) with bounded 
K- variation. It is a Banach space with norm || ||^. The distribution allows 
the "integration" of smooth functions on T with respect to jj,. More generally, 
continuous functions "of bounded K-norm" can be integrated along ^ and 
Pk (T) is the dual of this separable Banach space of functions, c.f . [K4] theorem 
5.1. 

A premeasure f^ is called K-bounded (from above) if there is a constant > 
such that 

A*(C) < a^,K{\C\) for all arcs C C T . 

A K-bounded premeasure has K-bounded variation and Korenblum has proved 
that every premeasure fj, of bounded K-variation can be written in the form 
= yUl — ^2 where and /i2 are K-boundcd premeasures. They can be chosen 
in such a way that we have ai^^^a^^ < UmIUj see [K4] p. 542. Let P^(^) C 
Pk(T) be the cone of K-bounded premeasures and set -P^^CT) = — P~(T). 

For us the relevant convex functions k on [0, 1] are given by: 

K-y{x) = cZ^ I I logip dt for real 7 > . 
Jo 

Here ^ 

Cy = / \\ogt\'^ dt = r(7 + 1) . 

We have k^(0) = and ^^(l) = 1. Moreover is continuous and nonde- 
creasing on [0, 1]. On (0, 1] it is C°° and we have: 

n'!^{x) = -7c-^2;-i| logxp-^ < . 

Thus is concave on [0, 1]. For < a; < 1 there is some < < a; such 
that we have 

x~'^K^{x) = c~^|log^a;P . 
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For 7 > this implies condition b) on p. 531 of [K4] 



lim X K^(x) = +00 . 



For < X < 1 we have: 



kAx^) = c -^1 log a;- 



^ = iL^i^Jx) . 



In particular is of type (S) in the sense of [K4] p. 542. For integers 7 > 1 
partial integration gives: 

X 

K^{x) = — I logxP + «;-y_i(x) . 
7! 

Hence for integer 7 > we have 



For example ko{x) = x and ki{x) = x(l + |logx|) = a:log| the Shannon 
entropy function. 

Proposition 27 For < 5 < j we have ks{x) < Kj{x) for < x < 1 with 
strict inequality for < a; < 1 . 

Proof It suffices to show that for < x < 1 we have: 





or equivalently 




On U = {\ logx|, 00) X (0, 1 logx|) we have < y2 < yi- Hence 




is positive and it follows that V > 0. 



□ 
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For 7 = the set P^q{T) consists of all premeasures fi with fi{C) > —afj,\C\ 
for some > and all arcs C. Hence the following map is surjective: 

uj : M+(T) ^ P+ (T) with uj{fi') = /x' - /x'(T)A . (108) 

Being real the premeasures = € PkqO^) bijection with their 

Herglotz-transforms /t^ = /t^' — /x'(T) = h^' — /i^'(O). Mapping /j, to /t^ we 
thus get a bijection: 

P+ (T) ^ {/t G I /i(0) = and Re /i > c for some c} . (109) 

Note that c = < since h(0) = and c < unless h = since a non- 
constant holomorphic map is open. 

In [K4] 5.3 Theorem, Korenblum has generalized this bijection to K-bounded 
premeasures for more general convex functions k than kq- The proof has not 
been published but it runs along the same lines at the one for k = ki which can 
be found in [Kl] 5.2 Theorem 3 or [HKZ] Theorem 7.4. For the 
his result is stated below. For 7 > let 0~_^ be the class of holomorphic 
functions h E O = 0{D) with h{0) = which satisfy an estimate of the form 

Re/i(z) < c|log(l - |z|)P for i < |z| < 1 . (110) 

Here c G M is a constant depending on h. Note that = 0~_^ — 0~_^ is a 
real sub-vectorspace of O. 

Theorem 28 (Korenblum) For every 7 > the Herglotz transform fi 1— t- 
gives a bijection (T) — > and an isomorphism of R-vector spaces 
P^^(T)^0,^. 

Formula [K4] (5.3.5) gives a way to recover /x from A related possibility 
is to use formula (88). 

Let Ay be the C-algebra of analytic functions / G O which satisfy an estimate 
of the following form where a/ > and r/ > are constants 

|/(z)| <a/exp(r/|log(l-|z|)n ioi z e D . (Ill) 

Then Ao = H'^{D) and Ai = A-°° is the class studied in [Kl], [K2]. Works 
dealing with Ay are for example [BL] , [K4] , [S] . Note that 

A\ := expO- ={f eAy\ /(O) = 1 and f{z) / for all z e D} . 
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Let M'Sf be the algebra of functions f € O that can be written in the form 
/ = 9i92^ with 51,(72 G -A. J where g2 has no zeroes. Thus A/q = A/" is the 
Nevanhnna class. We set 

:= exp a, = {/ e I /(O) = 1} = {51/52 1 gi e A\} . 

In this multiplicative setting Korenblum's theorem 28 amounts to the follow- 
ing bijections for 7 > 0, given by mapping ^ to = exp(— /i^): 

P+(T)^4 and P,^{T)^M^. (112) 

Using theorem 25 it follows that A(f ) exists for every function / € Af^. Let 
Mj^c be the subgroup of atomless functions and define ,4^ ^ accordingly. 

Starting with the work of Korenblum on Ai, the Blaschke condition has been 
generalized to all the spaces A'y for 7 > c.f. [S]. Not only the absolute 
values but also the arguments of the zeroes enter the conditions if 7 > 0. For 
the absolute values one has a necessary condition which follows from theorem 
1.1, remark 2 and the proof of lemma 3.2, all from [S]. 

Theorem 29 (Seip) Let p : D ^ Z>o be a map. If a function f £ A^ exists 
with ordzf = p{z) for all z & D then there are constants ci,C2 > such that 
for all 1/2 < r < 1 we have 

^(l-|z|)p(z)<ci|log(l-r)P + C2. 

\z\<r 

We now review the theory of the singular measure attached to a premeasure 
of K-bounded variation c.f. [Kl] 4.3, [K2] § 1 and [K4] § 4. The /c-entropy of 
a finite set 7^ E C T is defined to be 

k{E)=^k{\I\). (113) 
I 

Here the arcs / are the connected components of T \ Note that since 
k{x) > X wc have k.{E) > 1. One sets k(0) = 0. The definition is extended to 
arbitrary closed sets 7^ C T by setting 

k{E) = sup{k{Ei) \EiCE finite} G [1, 00] . (114) 

Formula (113) remains true for any closed subset / £■ C T with X{E) = 0. 
To see this one uses an approximation argument and the inequality 

J2<\ii\)>n{\j\). 
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Here J is an arc and is an at most countable family of pairwise disjoint 
arcs with 

C J and ^ = |J| . 

i i 

For closed sets E C E' we have k{E) < k{E'). For closed E $ there is the 
formula 

k{E)= [ K'{dist{C,E))X{0. (115) 

Here dist(C, v) is the length of the shorter arc between (,r) eT normalized by 
dist(l,— 1) = 1. Moreover 

dist(C,^) = inf{dist(C,r/) \veE}. 

The definition of the derivative k' > for general k is given in [K4] 2.3. We 
are only interested in the case where k is differentiable in (0, 1] and we set 
k'{0) = lim2;_j.o+ x~^k{x) < oo. In particular for 7 > and closed 7^ £' C T 
one has 

Ac^(E) = r(7 + l)-i / |log(dist(C,£;))rdA(C) . (116) 

JT 

Premeasures n G PkO^) can be extended a-additively to more general open 
and closed subsets of T than just finite disjoint unions of arcs. For an open 
set [/" C T with K{dU) < 00 the series 

J 

over the connected components J of C/ is absolutely convergent. The J's are 
(open) arcs and hence /x(J) is defined. 

For a closed set F C T with K{dF) < 00 set 

/x(i^):=-MT\F). (117) 

Note that /x(T) = by definition of a premeasure. One has the inequality 

HF)\ = HT\F)\<'^MMdF). (118) 

The closed sets E C T with X{E) = and k{E) < 00 are called K-Carleson 
sets. As noted above we have k(E) = ^ k(|I|) if T \ = ]J I is the decom- 
position into connected components and E ^ $. Closed subsets of K-Carleson 
sets are again K-Carleson sets. Let be the set of K-Carleson sets. Accord- 
ing to (117), fj, extends to a function on J^,^. If k'(0) = +00 as for with 
7 > the condition k{E) < 00 already implies that X{E) = 0. This follows 
from equation (115). 
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Example 30 For the 3-adic Cantor set £^ C T we have 

oo 

k{E) = ^2"-V(3-") . 

n=l 

Hence E is a K^-Carlcson set for every 7 > 0. Note that we have f3{E) C E. 
For < a < 1 consider the function k°'{x) = x"". Then £^ is a K"^-Carleson 
set if and only if a > log 2/ log 3 the Hausdorff dimension of E. Similar facts 
hold for any integer N > 2 instead of = 3. Thus for s = 1 there are 
non-empty closed subsets E gT with SE C E which Carleson sets for 

any 7 > 0. For s > 2 on the other hand every non-empty closed subset E cT 
with SE C E is equal to T by a theorem of Purstenberg [F]. In particular 
there are no (forward) iS-invariant K-Carleson sets for any k il s >2. 

Let B^. ^ J^K be the set of all Borel sets B C T with B ^ F^- Clearly Bi^ is 
the union of all Borel algebras B{E) for E G F^. A K-singular measure is a 
function o" : — >■ M such that: 

1) fj^ = fj \b{e) is a finite real measure on B{E) for every K-Carleson set E. 

2) There is a constant c = Co- > such that 

\a{F)\<cK{F) for every F G . 

By the uniqueness of the Jordan decomposition, the total variation measures 
|(7^| glue to a K-singular measure denoted by |c7| with Cj^^j < 2ca- The usual 
norms ||(t^|| = \(t^\{E) may be unbounded as E varies. 

Let Mk(T) denote the real vector space of /{-singular measures. It becomes a 
Banach space with norm the infimum of the constants c\„\ in the above 
estimate. Let M+(T) be the cone of /c-singular measures a with cr^ > i.e. 

G M'^{E) for all E ^ F^- Any a G Mk(T) has a unique decomposition 
(T = (7+ — (T_ with (7-j- G Af+(T) singular to each other i.e. such that all 

and are mutually singular for E G We have a± = (o"^) and 

|cr| = cr+ -I- cr_. Any finite positive measure on the Borel algebra of a locally 
compact Hausdorff space with a countable basis of the topology is regular, 
c.f. [E] VIII 1.12 Korollar. In particular for a G M+(T) the Borel measures 

on E are regular for E G J-n- 

Theorem 31 (Korenblum) For jj, G Pk^) there is a unique extension of 
/i to a K-singular measure fis '■ B^ ^ K. For n G P/^O^) we have Hs G 
M+(T). On the other hand there is a,n absolute constant ^ > such that for 
every a G M+(T) there is a n & PftO^) l^'s = and \\ij.s\\k < ^II<^I|k- 
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Proof The uniqueness is clear since /if'(F) = ^i{F) for all closed subsets F 
of a given K-Carlcson set E and these F form a H-stable generator of B{E). 
For K = Ki, Korenblum proves the existence of /ig and its properties in [Kl] 
4.3. Theorem 6 and Corollary and [K2] Theorem 2.3. The proof generalizes 
without changes to general k. □ 

For n e Pk(T) we have |/x^(F)| < ^\\ii\\^k{F) for F G by (118). Hence 
IIMsIU ^ sIIa'IU therefore the linear map of Banach spaces 

s : -PkCT) — > Mk(T) sending /i to jj^g 

is continuous. Since Mfj(T) = M+(T) — M+(T) it follows from the theorem 
that 5 is surjective. 

Remark 32 T/ie composition 

M+(T) ^ P+ (T)c > P+(T) M+(T) 

sends to n' = Msmg Ib^c- Here oj{n') = /J.' — n'{T)X is the map (108). 

Tlic next fact follows from proposition 27. 

Proposition 33 For < S < j the inclusion B^^ C 3^,^ induces a hounded 
linear restriction operator 

res5,^ : Mk^(T) — > M^^(T) with ||res5,^|| < 1 . 

It maps M+(T) to M+ (T). 

The next theorem of Korenblum [K2] Theorem 2.2 asserts that any K-singular 
measure is concentrated on a countable union of K-Carleson sets. He proves 
the statement for k = ki but again it is valid in general. 



Theorem 34 (Korenblum) For a G M^(T) there is a sequence Fi C F2 C 
... in such that for every F E Tk we have 

a{F)= limcr(PnF^) and \a\{F) = lim |o-|(FnF,.). 
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Corollary 35 In the situation of the theorem we have 

a(B) = lim a(B D F^) 

for every B G B{E) with E e T^.- 

Proof We may assume that a € M^(T). The finite Borel measure = 
^\b{e) is regular as pointed out above. In particular we have 

a{B) = sup a{K) 

KCB 

where K ranges over all compact subsets of B. Since K (Z E is closed we have 
K G J-'k; and hence theorem 34 gives 

a{K) = supcT(KnF^) . 
i/>i 

On the other hand, since K CiFi^ ranges over all compact subsets oi B DFiy if 
K varies over the compact subsets of B we get by regularity: 

a{B n F^) = sup a{K D F^) . 

KcB 

Hence we find: 

a{B) = sup sup a{K n F^,) 

KcB v>\ 

= sup sup a{K n F^) 

iy>l KcB 

= supa{BnF^) 
i/>i 

= lim a(B n F^) . 

□ 

Definition 36 A possibly infinite positive measure a > on B{T) is called 
K-thin if the following conditions hold: 

i) There is a sequence Fi d F2 (Z . . . in such that for every Borel set 
B CT we have: 

a{B) = lim a{B F„) . 
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Equivalently, a is of the form a = i^ac where aa > is a measure on B(G) 
for G = Ujy>i '^'^^ i : G ^ T is the inclusion, 
a) There is a constant c = >0 such that 

\a{F)\ < ck{F) for all F e . 

The real cone of such measures is denoted by (T) . 

Any K-thin measure a on T is cr-finite and singular with respect to Lebesgue 
measure. Note here that the sets = {T \ G) U F^, form a countable Borel 
exhaustion of T with a{B^) < oo. In proposition 48 below we will see that 
many ergodic measures on T are K-thin. 

Theorem 37 Every a € M+(T) has a unique extension a to a K-thin mea- 
sure a > on T. The measure a is finite if and only if there is a constant 
c > with a{F) < c for all F E F^- In this case we have cr(T) < c. The 
restriction of a K-thin measure a on Bi^) to defines a K-singular measure 
a = a\B^ mM+(T). 

Proof Choose a sequence Fi C F2 C . . . in for a as in theorem 34 and 
set G = Ui/>i I^v- Then a defines a cr-additive and cr-finite positive content 

a \s on the ring £ = IJ;y>i ^i^^^) ^- The tr-algebra generated by £" in G is 
B{G). Hence a \s has a unique extension to a a-finite measure da on G, c.f. 
[E] II KoroUar 5.7. We set a = i^ac where i : G T is the inclusion. For 
F E Tk we have 

d'{F) = aciF r\ G) = lim aciF fl F^) since ac is a measure 
= lim a{F n F^,) since aa = cr on BiF^) C £ 

u^oo 

= a{F) by theorem 34. 

It follows that a is a K-thin measure on T. Moreover we have a | j-^ = cr | j-^ 
and therefore a = cr by the uniqueness assertion in theorem 31. 

Now let a' be another K-thin extension of cr. Choose a sequence F[(Z F2CI . . . 
in such that 

a'{B) = lim u'{B n F^) for Borel sets S C T . 
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Set G' = U^>i Fl. For S C T Borel we have: 

aiB) = lim d'{B n F') 

= lim a{B n F^) since B n F^, e . 

Applying corollary 35 to the Borel set B D Fl, in E = Fl, we get 

a{B n Fl) = lim a{B n n F„) 

n— ^oo 

and hence 

= lim lim a{B DFId F^) . 

Similarly 

aiB) = lim lim a(B n n FJ . 

This implies a'{B) = (t{B) since both double limits are equal to cr{Br\G' ^G). 
Their equality also follows from monotonicity replacing lim's by sup's. 

Thus the extension of o" to a K-thin measure a on 5(T) is unique. If there is 
a constant c > with (y{F) < c for all F € F^ then a{T) = sup^>;^ ^(-^i^) = 
suPiy>i cr{F^) < c as well. If on the other hand a is finite, then 

a{F) = a{F) < a{T) < oo for all F e F^ . 

The last assertion follows from the definitions. □ 



Remark 38 By the theorem the restriction map Af+(T) ^ M+(T) is an 
isomorphism. The additive monoid M^(T) has the cancellation property 
since M+(T) has this property. Hence its Grothendieck group 

M«(T) := Ko{M+{T)) 

is the set of equivalence classes [Ati,/U2] of pairs (/xi,/X2) with /xi,/X2 G M+(T) 
where {^1,112) ~ (a*'i,;^2) only if fJLi + fi'^ = ^^2 + fJ-'i- The addition is 

defined componentwise. The natural map 

M+(T) ^ M«(T) 

sending fj, to [fj,, 0] is injective. The group Mk(T) is ordered with M+(T) being 
the set of non-negative elements. Thus we have 

[Mi ) 1^2] > if and only if /xi = /Lt2 + for some G (T) . 
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With the M-operation defined by X[fii, 1^2] = [^fJ-i, for A > and A[/xi, //2] = 
[|A|/i2, l^lAii] for A < the group Mk(T) becomes an R-vector space and the 
natural map M^(T) — >■ M^(T) sending [111,112] to — 112 \bk is an isomor- 

phism of real vector spaces. We define a Banach space structure on Mi^{T) 
such that this isomorphism becomes an isometry. 

As an example, we discuss the case k = kq: 

Proposition 39 We have M+(T) = M+(T)si„g and M^^(T) = M(T)sing. 
The natural restriction map 

s : M(T) M,„(T) ^ M«„(T) = M(T),i„g 

sends a measure fi to its singular part, 5(/n) = /Xging in the canonical decom- 
position IX = lXa + ^sing whcrC jla ^ ^ 0,nd /ising -L A. 

Proof For every finite set £^ 7^ we have kq{E) = 1. By definition (114) 
the same is true for any closed set -F 7^ 0. By definition J^o thus consists 
of the closed Lebesgue null sets in T. By definition 36 and theorem 37 the 
positive Ko-thin measures are the bounded measures on B{T) for which a set 
of full measure G = IJ^^ exists with Fi C F2 C . . . a sequence of closed 
Lebesgue null sets. Hence Af+j(T) C M+(T)sing- On the other hand, every 
measure /i G M"'"(T)sing is regular. Choose a Borel set G with A(G) = and 
//(T) = ^(G). We have 

fi{G) = sup fi{K) 

KcG 

where K ranges over the compact subsets of G. Hence there exists a sequence 
Ki C K2 C . . . with Ki, C G and hence X{Ki,) = such that 

fi{T) = lim fi{K^) . 

I/— 5- 00 

Thus condition i) in definition 36 is satisfied, ii) being clear by the above. 
This shows the reverse inclusion M^(T)sing C M^(T). In particular /Ugmg & 
-^~'~(1')sing = Mi^^{T) is the unique (c.f. theorem 37) extension of /ismg Is^q 

to 

a positive Ko-thin measure on T. Hence we have /Ugmg = s(A*sing) and therefore 
Msing = s{fi) because s(/Xa) = 0. The extension to real measures follows. □ 

Notation 40 By M^(T) we denote the set of measures € M+(T) which 
satisfy condition i) in definition 36. We set 

M'^{T) = {At - At(T)A \ ij, = m - ij,2 for some 111,1x2 € M^(T)} . 
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This is compatible with the previous definition of M'^°(T) in (68). We may 
view (T) C M+(T) as the set of positive bounded K-thin measures. Note 
that the canonical linear map 

M«(T) M«(T) ^ M«(T) , a^as^as 

is injective. 

We finally discuss the relation between cyclicity and K-singular measures. 
Recall the C-algebra A-y defined using (111). For > let Aj{R) C Aj be 
the set of holomorphic functions f on D with 

ll/IU,(R) := sup|/(z)|exp(-i?|log(l - |z|)r) < oo . 

With this norm, A^{R) becomes a Banach space and for Ri < R2 the inclusion 
A^{Ri) A^{R2) is continuous. Choose a sequence Ri < R2 < ■ ■ ■ with 
lim,y_>.(x) Ri^ = 00 and give A^ the locally convex inductive limit topology. 
This is the finest locally convex topology such that all inchision Ay(i?jy) ^ Ay 
become continuous. It exists and is Hausdorff because the topology of uniform 
convergence on compact subsets of D is a Hausdorff locally convex topology 
on A-y for which all inclusions Ay{R) A^ are continuous. The inductive 
limit topology on A'y does not depend on the choice of the sequence (Ru)- 
The Hausdorff Li?-space A-y is in addition a unital topological algebra. A 
sequence (/„) in A^y converges if and only if there is some R > such that all 
fn are in A'y{R) and (/„) converges in A'y{R). An element / G Ay is called 
cyclic if fAry is dense in Aj. For 7 = this topology on Aq = H°°{D) is the 
usual one on H°°{D). 

According to (112) every / G A^ is of the form f = = exp(— /i^) for a 
uniquely determined prcmcasure G P^^(T). Let df = iig & M^(T) denote 
the corresponding K^-singular measure. The following result is a special case 
of [K2] Corollary 1.1.1: 

Theorem 41 (Korenblum) An element f E Al is cyclic in Ai if and only 
if Of = 0. 

I have no doubt that similar methods as the ones used in [K2] will give the 
corresponding statement for A} for every 7 > 0. Since I have no reference 
and the argument is not so short I will state this only as a conjecture: 
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Conjecture 42 For 7 > an element f G Ay is cyclic in Aj if and only if 

^/ = o. 

Let y be a singular inner function on D corresponding to an ordinary singular 
measure fig G M+(T)sing. Then / = g/g{0) G A!y corresponds to the premea- 
sure (in fact a measure) /x = oj{iJ,g) = jig — /ip(T)A. According to remark 32 
we have aj = \bk^- For 7 > 0, conjecture 42 if true would therefore tell 
us that g was cyclic in Ay if and only if ij,g vanished on the K-y-Carleson sets. 
For 7 = 1 this is true by theorem 41. 

In fact a more precise result holds [K3]. Let Ai{n) be the subspace of Ai{n) 
consisting of functions / with 

max|/(z)|(l - ^ forr^l- . 

\z\=r 

The space V = C[z] of polynomials is dense in Ai{n) for every n > 1 and 
/ G Ai{n) is called cyclic in Ai{n) if fV is dense in Ai{n). 

Theorem 43 (Korenblum) Consider a singular inner function g with cor- 
responding singular measure fig G M'^ (T) . Then the following assertions are 
equivalent: 

a) fig vanishes on ni-Carleson sets i.e. fig \b^^ = 

b) g is cyclic in any and hence all of the spaces Ai and -4i(ra) for n>l. 

9 Compatibilities with actions 

In this section we discuss left and right S"- actions on the objects discussed in 
the last section. Here S is the monoid introduced in the beginning of section 
5. As before k is a continuous nondecreasing concave function on [0, 1] with 
k(0) = and = 1. For a > 1 we have the estimates 

k{x) < < aK{x) for all < X < 1 . (119) 

For Kj we also have an estimate for 7 > 0, a > 1 and < x < 1 

aK^(^) < 2Tk^(x)(1 + c-^(loga)T) 

where c-y = r(7 + 1)^"*^. 
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Proposition 44 Consider an integer N > 1 and an element C G T. 

a) The maps [C]*, fN* and ip*j^ on the space of premeasures P{T) respect Pk(T) 

and P^{T). For jj, G PkO^) we have 

ll[C]*At|U = II^IU 
Ilv'iv*/^IU < ^ll/^IU 

llv^Af/^IU < 2Af||;u||«; 
For fi G -P^(ir) with fJ,{C) < ay^K(|C|) /or arcs C we have: 

{[CU){C) < a^K{\C\) 
(<^iV*M)(C) < Na^K{\C\) 
{v*Nf^){C) < 2Nai,K{\C\) 

h) For E ^ we have Lp~^{E) G J'k and ipN{E) € -^or B ^ we have 
[Cr^{B),(p]:f^{B),ipN{B n 4) e /or ewery < /c < iV - 1. Here h is the 
arc Ik = [^^, -^-^j^—^)- In particular, for any map fi : ^ C we can define 
m.f^XB) = ,^i[C]-HB)),{ipN*l^)iB) = lx{^-^\B)) and <^J,/. = ^ Ef=oVfe 
with iJik{B) = fi{(pN{B n Ik))- These operations leave M„(T) and M^(T) 
invariant and if < Chk{F) for all F E Tk we have the estimates 

\{[CU){f)\<c^k{f) 

\{ipN*Ii){F)\<Nc^KiF) 
\{^l,fi){F)\<{2N + l)c^K{F) 

c) The operations [(^]*, ipi^* and ip*j^ on the space of possibly unbounded positive 
measures on B{T) leave M^(T) invariant and hence induce operations on 
M^{T) = Ko{M+{T)). 

d) The usual formulas tpNl^ = ^N*l^, [C]l^ = [C]*l^ o,nd jjupN = V'ArlM)) '/'[C] = 
[C~^]*/x define left and right S-actions on P«(T), P^(T), M«(T), M^(T) and 
Mk(T),M^(T). In addition the following relations hold on theses spaces: 

V>N*V*N = id , V*nV>n* = AT^^Ttat , ^*n^m* = Vm*V*n ifiN,M) = 1 . 

Proof All assertions involving [C] are clear since [(] preserves arc-length. For 
a closed subset ^ ^ E c T with X{E) = and decomposition into connected 
components T\E = ]Jj I we have k{E) = J2j k{\I\). For an open arc 7 ^ T 
the inverse image f]^^{I) decomposes into AT disjoint open arcs of length |/|/Ar 
each. The estimate (119) therefore gives: 

k{E) < k{^]^\E)) = J2 Nk{\I\/N) < Nk{E) . (120) 

I 
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In particular ipj^{E) is a K-Carleson set for any E E T^. For B E B^, we 

have ip'^{B) C ip'^{B). Hence Lp~^{B) G and therefore ip'^{B) G 0^- 
Moreover for /x G M«(T) with |/Lt(F)| < c^(F) for F E formula (120) 
implies: 

|(<^iV*/x)(F)| = \iJi{^-^\F))\ < c^n{ip-^\F)) < Nc^k{F) . 

In particular ipj^*iJi, E M«^(T). This settles the assertion about ip'^{B) and 
ipN*fJ' in b) The proofs of the assertions about (pN*IJ' in a) and c) are similar 
since for any arc C CT the inverse image (p~^{C) decomposes into A'^ disjoint 
arcs of length \C\/N. For B E 8,^ we have B E F^. and since B n Ik is 
compact: 

iPN{Bnik) c ipN(Bnh) c ipN(B n 7^) . (121) 

In order to show that ipN{B Ik) G it therefore suffices to show that for 
any ^ _E G -F^ wc have (PnIE fl Ik) G J^k as well. It is clear that ipi\j{Er\ Ik) 
is a closed Lebesgue zero set. Writing T\E = ]J / as above a short calculation 
shows 

T\^N{Ef\lk) = WvN{If^°Ik) (U{1}). (122) 
Here {1} is added if and only if 2iTkN-'^ ^ E and 27r(A; + l)iV-i ^ The 

o 

disjoint and possibly empty open sets ipn{I^I) do not contain {1}. The open 

o 

set Id Ik is either an open arc J or the disjoint union of two open arcs J' and 
J" . In the latter case by convexity we have 

K{\ipN{J')\) + k{\vn{J")\) < 2K{\ipN{I nlk)\. (123) 

o 

Letting {J} denote the set of connected components of the sets (pis[{I H Ik) 
for varying I we therefore get: 

^ (123) ^ o o 

^«(|9^iv(J)|) < 2Y,<\mii^ik)\ = 2Y,<N\inik\) 
J I I 

(119) ^ o ^ 

< 2iV^K(|In/fc|)<2iV^«(|/|) 
/ I 



We have 



= 2Nk{E) . (124) 
T\ipN{Enlk) = Y[vN{J){0{l}) . (125) 
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In the case where {1} is added to the right hand side in the equation, the union 
IJj '■Pn{J) must contain a pointed neighborhood of 1 since T \ ipN{E H Ik) is 
open. Hence the effect of joining {1} consists of joining two adjacent intervalls 
ip]\f{J') and (Pn{J") to one interval whose length is the sum of both. By 
subadditivity (107) of n we get in this case 

adjoined intervahl) < k(|<^7v(J')|) + K{\ifN{J")\) ■ (126) 

Hence we find: 

K{\^N{Ef^lk)\) <Y,n{\VN{J)\) by (125) and (126) 

J 

<2Nk{E) by (124). 
Note that if |/| < 1/N for all I, the factor 2 in this inequality an be omitted 

o 

since in this case iHlk is always connected. Hence ipN{EDlk) is a K-Carleson 
set. For /x G M„(T) and F e J^^ have: 

/xfc(F) = fx{ipN{F n h)) = ti{m{F n Ik)) 

unless 27r(fe + l)iV-^ G F and iixkN'^ ^ F. In the latter case firstly we have 

/Xfe(F)=/x((^Ar(Fn7fc))-M{l}) • 
Secondly k.{F) > 1 since F 7^ and therefore 

\ix{{l})\<c^n{{l})=c^<c^n{F). 
Hence in all cases the following estimate holds: 

\lik{F)\ < HipNiFnlk))\+c^K{F) 

< C^K{ipNiF nlk)) + Cf,K{F) 

< {2N + I)c^k(F) . 

In particular Hk is in Mk{T). The assertions about ^p*j^fJ, in b) are an immediate 
consequence. The proofs of the claims about ip*f^iJ, in a) and c) use similar 
arguments. Finally d) results from a straightforward computation. □ 

Remark 45 A K-singular measure /i G M^{T) satisfies AT^/x = /x if and only if 
N^{lJ-^ ^) = for every E E J-'k- Here N is viewed as a map tp'^{E) E. 
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We set Pk,cO^) = PkO^) n Pc{T) the space of atomless premeasures of k- 
bounded variation, and similarly for P^^(T). A K-singular measure a G M^(T) 
is called atomless if has no atoms for every E G J^k- Let M«_c(Tr) and 
M^^(T) denote the corresponding spaces. 

Let Mi^^(T) be the space of atomless K-thin measures and set Mk,c(T) := 
Ko(M^c(T)) C M«;(T). All these subspaces are left- and right 5-invariant. 

Corollary 46 The natural maps 

P,±(T)Am±(T)^M±(T) 

and 

P«(T) A M«(T) ^ M«(T) 

and 

M+ (T) P+ (T)C ^ p+ (T) M+ (T) ^c./. remark 32) 

are left and right S-equivariant. The same is true for the corresponding maps 
between the atomless versions of these spaces. 

Proposition 47 a) For 7 > the left and right S-actions on respect 
A}y,M^ and their atomless versions A}y (. and Af^^^. In addition the following 
relations hold on . 

N^N* = id, N*N^ = N-'^TrN,N*M^ = M^N* if{N,M) = 1 . 

b) The map P(T) — > O^,^ ^ fn = exp(— /i^) is left and right S-equivariant. 
Hence the same is true of the isomorphisms (112) 

P+(T)^4 and P,^{T)^M] 

and their atomless versions 

Proof a) The first assertion follows from elementary estimates. 

b) This follows mainly from equations (92) and (93). □ 

We close this section with a relation between ergodic and K-thin measures. 
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Proposition 48 An S -invariant ergodic measure fi £ M'^(T) with IJ-{F) > 
for some K-Carleson set F is K-thin i.e. fi E M+(T). 

Proof Since S is abelian, tlic Borel set ^ = Us tg5(''^^('^(^)) satisfies u~^Q = 
Q for all M € 5. We have ii{Q) > lJi{F) > and hence //(^) = M(ir) since n is 
5-ergodic. The sets s~^t{F) are in Tk by proposition 44 b). Hence condition 
i) in definition 36 is satisfied. Condition ii) holds because /x is bounded and 
k{F) > 1 for every K-Carleson set F □ 



10 On the image of 

In lemma 14 we have seen that ^s{(^) = Wn&s^*'^ converges locally uni- 
formly to a holomorphic function in D for any a £ with a(0) = 1. The 
next result gives more information if in addition a G H°°{D) or a G M ■ As 
usual s denotes the number of generators of <S. 

Theorem 49 a) For a G n H°°{D) with a(0) = 1 we have *5(a) G A]. 
For a G we have ^'^(a) G and a is atomless if and only if ^'5(0;) is 

atomless. 

b) In proposition 16, we have: 

^SZ{S,X') C H\S,M}) = {/ G X} I fiz^'f = n fiCz) forN G s] . 

The function a G Z{S,M^) is atomless if and only if '^${01) is atomless. 

Proof Part b) is an immediate consequence of part a). As for a), if we 
have shown that ^'5(0;) G M} then the assertion about atoms follows from 
proposition 19 together with theorem 25. Note here that for every premeasure 
ji there is a constant ^ > with |/x(C)| < A for all arcs C, c.f. the remark 
before proposition 22. Hence it suffices to prove the first claim of a). Writing 
a G n H°°{D) in the form a = exp h with h eO and h{0) = we have to 
show that the function 

N*h lies in . (127) 
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We first need a simple estimate for Reh. Writing a{z) = 1 + zr{z) it follows 
that r € 0(D) is bounded as well. Hence we have \a{z)\ < 1 + a\z\ for some 
a > and therefore 

Reh{z) < log(l + a\z\) forzeD. 

Hence we get 

Re J2 = ^ h{z^) 

<J2^og{l + a\zn. (128) 
NeS 

In order to estimate this series we use the following version of summation by 
parts. Consider a function ip on the integers n > 1 and a C-'^-function tp on 
[1, oo). For a; > 1 we set Mi^{x) = X]„<j. ^{n). Then we have 

ip{n)^l^{n) = M^{x)i^{x) - J M^{t)^p'{t) dt . (129) 

n<x ^ 

We apply this with 

^{n) = |{(i^i,...,i/,)|z/i,...,i^, >OandAr{'i...iV,^^ =n}| 

and 

tl){x) = log(l + a\z\^) . 

We have: 

M^{x) = |{(i^i, . . . , z^s) I '^i, • • • , i^s > and A^l^^ • • • N^^ < x}\ 
< ai(l + log* x) for a; > 1 . 

Here ai is a constant which depends only on Ni, . . . , Ng. 

Moreover ^(x) < a\z\^ so that 

lim M(p(x)V'(x) = for every z e D . 

x->oo 
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Hence we get the relations: 

oo 

J^log(l + a|zr) = ^<^(nMn) 

NeS n=l 



1 \z 
= a log — / M^{t) ^ ; ^, ,^ dt 

\z\ Ji 



1 + a|z|* 

I 



1 \zV' 







log [z| / / 1 + ay 



The inequalities < y < |z| < 1 give logy/ log > 1 and hence: 

(log y \ 
|— = log I logyl - log I log |2:|| 

< |log|logy|| + |log|log|2:||| . 

This implies the estimate 

< log^ (i^) ^ 21 log^ I logyll + 2^ log^' I log \z\\\. 

We have 

/ |log^|logy||dy < / |log^(logy-i)|c?y= / \\ogt\'e-'dt 
Jo Jo Jo 

This leads to the following estimate valid for z G D: 

J2 log(l + a^r) <a2 + asl log^ | log |z||| . (130) 

For l/2<|2;|<lasin the definition (110) of the class we have 

|log^|log|z||| < |log(l-|z|)r 
Together with (128) and (130) this shows that for 1/2 < |z| < 1 we have 

Re ^/i(z^)<a4|log(l-|z|)|^. 

NeS 
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< oo 



Hence we have shown that assertion (127) holds and therefore theorem 49 is 
proved. □ 

Using the theory from the last section we can now say something about the 
image of ^'5 on measures and in particular on the space Z{S,M^{T)). 

Corollary 50 a) For any a € M°(T) we have ^'^((t) G -Pk,(T). 

b) In proposition 23 we have: 

'$sZ{S,M\T)) c{neP^,{T)\N,fi = forNeS}. (131) 

Moreover 

*5Z(5, M°(T)) C {/X G P^^ (T) 1 12 is atomless and N^fi = fi for alle N e S} . 

Remark For a G M°(T) i.e. a G V^{T) we have seen in (86) ff that the 
premeasure /x = ^5(0-) is given by the absolutely convergent series 

fi{C) = ^{N*a){C) forCG/C. 
Nes 

It would be interesting to prove a) directly by showing that J2ngS 
verges in the Banach space Pks(T). Possibly the work [CK] could be helpful 
for this. Instead we apply Korenblum's theory in the form of theorem 28 
above together with Theorem 49. 

Proof We first verify the formula: 

NeS 

This is done as follows where D = 

Since the series (76) for ^'^((t) is uniformly convergent and D is continuous 
on V'{T) we get 

Nes 
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Applying (132) to the test function kz we get 



(133) 



Hence we have /^^(o-) = ^^(/o-)- The function is in J\f^ by (69). Using 
theorem 49 a) we get f<srg{a) G J\fg i.e. h^g{a) € On^- Now theorem 28 
implies that ^^((j) G Pk,(T). 



Part b) follows from part a) and proposition 23. 



□ 



The arguments in the proof give the following compatibilities between maps 
from proposition 16, corollary 20 and proposition 23. 

Corollary 51 We have the following commutative diagrams where the verti- 
cal maps send a (pre-)measure fi to 

H^{S,P^,{T)) ^^Z(5,M0(T)) ^^M0(T)/M0(T)5 



and 



H%S, P«„c(T)) ^^Z{S, M0(T)) M0(T)/M0(T)5 



1-5 



The indices "c" in the second diagram refer to atomless (pre-) measures resp. 
functions. For AI > 2 coprime to all the generators Ni, . . . , Ng of S the 
actions of M^,M* and Tr^f on M(T),P(T) and respect all the groups and 
maps in these diagrams. 



Proof It remains to check the last assertion. It follows from the relations 

Vn'Pm = ^MfN and Ti^Tim = T^mT^n in 7^ for A^, M > 1 and the relation 
(PnTtm = T^M^N if N and M are coprime. Also note formulas (79), (91) 
and (92). □ 

By corollary 51, given a measure a € M^{T) the prcmcasurc /i = ^'5(7r~^(cr)) = 
^5^5(0") is 5- invariant and has K^-bounded variation. Let M = Ng and let 
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S' be the monoid generated by TVi, . . . , Ng-i. If we start with an M-invariant 

measure a then the prcmcasure fi = ^s'^S'i^) is stih 5-invariant and now 
even of Ks_i-bounded variation. In fact, we even have the foUowing assertion: 

Proposition 52 If s > 1, then for M = Ng and S' as above and for a G 
M°(T) with M^a = a we have 

Correspondingly, if a function u € satisfies the functional equation 

u{z^r = n ^(c^) 

then we have "ifs'^S'iu) = "^s^siu)- 



Proof By corollary 51 it suffices to prove the second assertion. By assumption 
we have MM*{u) = TrM{u) i.e. uXg = ucg- Hence we get: 

s 

^si^siu)) = uY[{l - ei)^s = u{l - es)ns'^s 

i=l 

= u{i - Xs)ns'^s = uns'{i - Xs)^s ■ 

We have formally: 

l^l,...,Us>0 
OD 

iy=0 




1 - lim X^ '^s' ■ 

I/— >-oo / 



The function uQs' is equal to 1 at z = 0. Hence we have 

lim {uns')X^ = lim {uns'){z^^) = (nO5/)(0) = 1 . 
Thus we get the following equation with pointwise limits: 

^s{^s{u))= \im{uns'){l-X^)^s'= lim -^^*5' 
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□ 

We will now combine the preceeding maps from measures to iS-invariant pre- 
measures with the passage to thin measures in corollary 46. 

For every k the map 

s : P,(T) M«(T) ^ M^T) = Kq{M+{T)) 

is left- and right 5-equi variant. In particular it maps the subspace H^{S, PkCT)) 
of left 5-invariant premeasures to the space 

H^{S, M«(T)) = G M«(T) \N^fi = fi for N E S} 

of left <S-invariant K-thin real "measures" . By definition, n = [/xi, /X2] € Mk(T) 
with /Lti, /Lt2 in -^/^(T) satisfies N^/i = if and only if AT^/xi + /X2 = /xi + iV^*/Lt2. 
If ;Ui(T) or ^2(T) is finite then by proposition 3 the positive measures /i± in 
the Jordan decomposition of the signed measure Hi — 112 = /x+ — A*- are both 

A^-invariant: N^,ji± = fi±. 

The inverse of each isomorphism vr in corollary 51 is given by left (or right) 
multiplication with O^s £ Rq c.f. proposition 16. We thus consider the com- 
position 

As : mO(T)/mO(T)5 ^ Z{S,M\T)) 4 H%S,P^^{T)) A M«,(T)) . 

We will also view A5 as a map defined on M^{T). For s = i.e. <S = {1} we 
set M°(T)5 = and the map Ag becomes the following by proposition 39 

As=s: M0(T) M«o(T) = M(T),ing, H ^ Using ■ 

Restricted to the image M^{T)/M^{T)S of M^{T) in M'^ [T) / M° {T)S the 
map As is the composition: 

A5 : mO(T)/mO(T)5 4 Z(5,mO(T)) 4 ^0(5, P«,,e(T)) 4 M«,,,(T)) . 

In particular, As maps atomless measures to atomless "measures" . Denoting 
by $5 the map of right multiplication by $5 G 7?^q we obtain the following 
commutative diagram: 



M0(T)/M0(T)5 ^(5, M0(T)) H^S, P^AV) H'^iS, (T)) 



(T)/P,, (T)5 ^ P,, (T)) = Z{S, P«, (T)) Z{S, (T)) 
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The middle square is commutative since by proposition 23 we have o = 
id. By proposition 16 the maps fig are isomorphisms and hence the obvious 
injectivity of the second vertical arrow implies that the first one is injective 
as well. By s we also denote the composition 

s:MO(T)-^P«,(T) Am«,(T) 

and its restriction 

s:Z(5,M°(T)) ^Z(5,M«,(T)) . 
Recall the definition 40 of the space M'^={T). 

Theorem 53 1) For s > 1 consider the map As defined above 
As : M°(T)/M°(T)5 H^{S,M^^{T)) . 

We have 

^soAs OTT = s : Z{S,M^{T)) ^ Z{S,M^,{T)) . 
In particular, As is injective on the image 

M''''{T)/M''''{T)S ofM^'iT) in M°(T)/M°(T)5 . 

Corresponding statements hold on the spaces of atomless measures. 

2) If s > 1 set M = Ng and let S' C S be the submonoid generated by 
Ni,..., Ns-i. For a G M°(T) with M^a = a we have 

Under the restriction map of proposition 33 

we have 

As{a) = veSs-i,s{As'{a)) . 

3) Every S-invariant positive ergodic measure n that is non-zero on some 
Kg-Carleson set is in the image of As- 
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Proof 1) The equation $5 o A5 o tt = s follows from the above diagram. Propo- 
sition 15 shows that the left vertical map is an isomorphism in the following 
diagram 

Z{S, (T))c ^ Z{S, M0(T)) 



M''" (T) /M''" {T)S m0(T) /MO {T)S 

Hence the map i is injcctivc. This means that the image of M'^''{T) in 
M°(T)/M0(T)5 can be identified with M''- (T)/M'^- (T)5. The map A5 is 
injective on this subspace since the restriction of 5 : M^{T) Mk,(T) to 
M'^' (T) is injective. 

Part 2) follows from proposition 52 since the following diagram commutes: 
P«._i (T) ^ M«,_, (T) ^ M,^_^ (T) 



ress_i , 



ress_i,. 



As for 3), applying 2) iteratively to a = n — /x(T)A we get 

A5((7) = reso,s(A{i}((T)) = reso,s (casing) = reso,s(/ising) 

where reso,s is the map 

reso,. : M^^iV = M(T),ing A M«,(T) ^ M«,(T) . 

According to proposition 48 the measure n is /Cg-thin and hence we have 
/J, = Using- The measure As {a) = reSs^o(A*) is the unique extension of /x \b^^ to 
a Kg-thin measure. Since /x itself is such an extension, we have A5 (cr) = /x. □ 

Remarks a According to corollary 51 the first part ^'50^5 of the map A5 
can be interpreted as a map on functions 

However I do not know a function theoretic construction of the passage to 
Ks-thin "measures" via s. 

b It is known that there is an abundance of (/33-invariant, even ergodic atomlcss 
probability measures on T for which the 3-adic Cantor set E (Z T has full 
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measure. Wc can also assume that [Cj^t^cr ^ a for C = —1. For a = z/ — z/(T)A G 
Af"(T) wc then have ^^^/(cr) / i.e. a ^ AfO(T)5' for S' the semigroup 
generated by A^i = 2. Let 5 be generated by A^i = 2 and N2 = 3. Part 2) 
of theorem 53 imphes that /x = A5/ (cr) is an <S-invariant atomless Ki-thin real 
"measure" on T. It is non-zero by part 1) since a G M'*i(T) by Example 30 
and since a ^ M'^{T)S'. Incidentally, a G M«7(T) for every 7 > 0. 

For /X G M"*" (T) write dim^f /x for the infimum over the Hausdorff dimensions 
of all Borel sets of full measure for fi. Works of Billingsley and Rudolph give 
information about dim// /j, for certain 5-invariant measures if s > 2. 

Theorem 54 Let ijl G M~^(T) he S -invariant and ergodic with respect to 99 at 
where N = Ni. Assume that s > 2 and that ji is not a scalar multiple of 
Lebesgue measure. Then dim// /x = 0. 

Proof If /X has an atom then by ergodicity it is purely atomic and hence 
supported on a set of Hausdorff dimension zero. Hence we may assume that 
IJ, is atomless. Since /x is <y9iv-ergodic by assumption, we have the formula: 

h^{ipN) 
dim// n = -j—rr- . 

log A/ 

This is a result of Billingsly [Bi], see also [GP] §2. If h^{ip]\i) > Rudolph's 
theorem [R] implies that // is a scalar multiple of Lebesgue measure. Since we 
excluded this case it follows that dim// /x = 0. □ 

Note that we used only the special case of Rudolph's theorem where is 
already ergodic with respect to one of the generators of the semigroup. In 
this case his result is easier to prove using Fourier theory. 

It is not known whether a non-atomic measure as in the theorem exists at 
all. If it does it must be carried by a "small" Borel set. Hence the following 
question seems reasonable: 

Question. Given a probability measure > on T with dim// /x = 0, is )U 
non-zero on some K-y-Carleson set for some 7 > 0? 

Part of theorem 5 can be generalized to functions in the classes N-y. 



72 



Theorem 55 For < ^ < s let f E A/Cy be a function which satisfies the 
functional equations 

/(z^)^= H fiCz) forallNeS. 
// / has a zero in D then f is the zero function. 

Proof From the proof of theorem 5 wc know that /(O) = imphes that / 
is the zero function. Assume that /(a) = for some 7^ a G D and that 
/ is not identically zero. Using relation (26) for N E S we get the following 
estimate for all < r < 1 

J] (1 - \z\)oTdJ > E E (1 - 

|2|<r- NeS \z\<r 

NeS \z\<r 

NeS 

|a|<T-JV 

>Ci\{NeS\\a\ <r^}\ . 

Here Ci is the positive constant 

Ci = ord„/ inf iV(l - |a|V^) . 
Ar>i 

We may assume that A^i > A/j for 1 < z < s. For x > 1 and < f j < 
s~^ logjVi ^ ^® then have 

N^i . . . < JY^'l+...+^. < jvj^g^i ^ ^ ^ _ 

It follows that 

\{N £S\N <x}\ = liii^i, . . . , z^,) I z/i, . . . , I/, > and iVf • • • iVf < x}\ 

Hence for |a| < r < 1 and e~^ < r we have 

\{NeS\\a\<r-}\>s-no,%^{'^) 

= s~*(logjVi |log|a|| -logAT^ |logr|)'' 
= s~"^(log^^ I log |a|| + I log^vi I log ''11)^ ■ 
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Hence there is a positive constant C2 such that for r < 1 close enough to 1 
we have 

^(l-|z|)ord,/>C2|log(l-r)r 

\z\<r 

Comparing this estimate with the one in theorem 29 we see that our assump- 
tions /(a) = and / 7^ imply that s < 7. □ 

In theorem 5 we have seen that there are neither non-constant functions with 
zeroes nor non-constant outer functions m. N = No which satisfy the func- 
tional equation (1). The first assertion has just been generalized to the classes 
N'y for 7 > in theorem 55. Replacing "outer" by "cyclic" c.f. end of § 8, I 
think the following generalization of the second assertion is true: 

Conjecture 56 For s > 1 and < 7 < s let g & A'^ he cyclic and satisfy the 
functional equations: 

g{z^f= n aiCz) forallNGS. 

Then g is constant. 

Remarks a In ^0 the cyclic elements g are units because Ao = H°°{D) is a 
unital Banach algebra. Hence g is outer and thus it follows from theorem 5 
that the conjecture is true for 7 = 0. 

b The condition 7 < s in the conjecture is necessary: According to proposition 
60 below, for AT > 2 the function 

00 

5(z) = nexp(2z^"') 

is a unit in Ai = A~^ hence cyclic and it satisfies the multiplicative func- 
tional equation (1). Hence for 7 = 1 = s the assertion in conjecture 56 no 
longer holds. Note that according to example 17 the function g is not in the 
Nevanlinna class. 

c For p E D the evaluation map — >■ C sending g to g{p) is continuous. Its 

kernel is a closed maximal ideal m. If (7 € A'y has a zero at p then gA'y C m 
and hence g cannot be cyclic. It is therefore enough to prove the conjecture 
for elements g € Al. which are cyclic in A^. For 7 = 1 these are the functions 
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with (Tp = by theorem 40. For general 7 > this should also be true by 
conjecture 41. 

The following assertion is more of a program: 

Theorem 57 Fix an integer s > I and a real number < 7 < s. Assume 
that the characterization of cyclic elements in given in conjecture 42 is 
true. (This is satisfied for 'j = 1 < s by theorem 41-) Assume also that 
conjecture 56 holds for functions g which are in addition singular inner. Let 
fi ^ be a finite positive singular measure on T which is S-invariant and 
ergodic. Then fi is n^-thin. 

Remarks Thus we would almost get the assumption of 3) in theorem 53 
which would ensure that n lies in the image of A5. If conjecture 56 holds for 
7 = s as well if in addition g is singular inner, then we would get exactly the 
assumption of 3), and hence /x would lie in the image of A5. 

Proof Let g = exp(— /i^) be the singular inner function corresponding to /x. 

Set / = g/g{0) viewed as an clement of A}y. Then wc have aj = /i . If af 
vanishes then conjecture 42 implies that / and hence g is cyclic in A-y. Since /i 
is «S-invariant, the singular inner function g therefore satisfies all assumptions 
in conjecture 56. Thus g would have to be constant in contradiction to /x 
being singular and non-zero. Hence wc have af ^ i.e. there is a K-y-Carleson 
set F with /Lt(F) > 0. Now proposition 48 implies that /x is K-y-thin. □ 

Using theorem 41, we formulate a special case of the theorem as a corollary: 

Corollary 58 Let N,M > 2 be coprime integers. Assume that any singular 
inner function g which is cyclic in Ai = A^'^ and satisfies the multiplicative 
functional equations (1) for N and M is constant. Let n ^ be a finite 
positive singular measure on T with AT^/x = /j, = M^^ which is S = {N,M)- 
ergodic. Then fx is Ki-thin. 

Appendix: Premeasures and Witt vectors 

This section contains some elementary formal relations between premeasures 
on the circle and the ring of big Witt vectors of C. We also show that for 
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every prime number p, the Artin-Hassc exponential Ep can be viewed as a 
<^p-invariant premeasure on T of Ki-bounded variation which is not a measure. 

The real valued distributions on T form a commutative M-algebra under the 
convolution product 

Ti*T2 = S,(ri OTs) . 

Here E : T x T — >■ T is the sum in the abclian group T, c.f. [Sch]. The 
measures M(T) form a subalgebra of V'iT). The premeasures P(T) are not a 
subalgebra of V{T) but they form an M(T)-submodule. More precisely, for 
/i G P{T) and u G M(T) the convolution ^ * u is a premeasure given by the 
cumulative mass function 

fT7T){e)= f ji(e - t) du{t) - [ fi{-t)dv(t) . (134) 
This is seen as follows. Let ip G T>(T) be a test function. We have: 

= (r^, / ip{x + t)du{t)) 

JT 

= 27r(L>r^A, / ^{x + t)dv{t)) 

JT 

= -27r / (f'{x + t)fi{x)d\{x)du{t) 

JT JT 

= -27r [ [ (p\9)il{e-t)dX{9)du{t) 

JT JT 

= 2Tr{DTgx,v) = 27r(L>T(,_,(o))A,¥') 

Here we have set 

q{0) = [ (i{0-t)dv{t) . 
JT 

By Lcbcsguc's dominated convergence theorem, wc have q{0) — q{0) E Vprd"^)- 
Hence the distribution * = T^^ * Tj^ is the distribution attached to the 
premeasure with cumulative mass function q{9) — q{0) as claimed in (134). 

For a commutative ring A with unit, the (big) Witt vector ring W(A) c.f. 
[H] ni 17.2 has underlying set 

W{A) = 1 + TA[[T]] . 

The addition © in VF(A) is given by multiplication of formal power series. 
Thus 1 is the zero element. In general the multiplication in VF(A) is less 
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easy to describe. For Q-algebras A the situation is simple though. In this 
case the "ghost map" 

7 : W{A) — > zA[[z]] , j{P) = -zP'/P 

is an isomorphism of abehan groups and the multipHcation in VF(A) is defined 
so that 7 becomes a ring isomorphism if 2:A[[z]] is given the Hadamard product 
* of coefficientwise multiphcation: 

oo oo oo 

ayz"" * ^ hyz" = ^ ayhyz" . 

u=l v=l v=\ 

In this way one gets universal polynomials for the coefHcients of the product 
PQQ in 1^(A) for P,Q ^ W{K). It is a remarkable fact that these polynomials 
have coefficients in Z and define a ring structure on VF(A) for any ring A. 
In general the ghost map is still a ring homomorphism but it is no longer 
an isomorphism if A is not a Q-algebra. The Teichmiiller character is the 
multiplicative map 

[] : A — )■ W{h) mapping a to [a] = 1 - oT . 

Note that [a] P = P{az) in W{K). We set TVat = Ec^=i[C] viewed as a 
sum of multiplication operators on I^(A). 

For > 1 the Frobenius endomorphism F/v is the ring endomorphism of 
I^(A) defined by the formula 

Fn{P){z'')= n P{Cz) = T,r,{P){z). 

The Verschiebung V/v is the additive endomorphism of VF(A) given by 

Vn{P){z)=P{z''). 

The following relations are standard: 

Fn ° Fm = -PjvM = Fm o Fn , Vn o Vm = Vnm = Vm ° Vat (135) 
FnoVn = N , VnoFn = T^N (136) 
FnoVm = Vmo Fn if N is prime to M. (137) 

Proposition 59 The mapw : V'{T) WiC) defined byw{T) = exp(-7riGr) 
is a ring hom,omorphism,. For C, ^ S"^ we have w{6(^) = [C "^]- Under restric- 
tion of w to M(T) and P(T) the following endomorphisms correspond: 
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on M(T) resp. P(T) 
NN* 



on W{C) 
[C]0- 
Fn 
Vn 



Proof By definition of addition in VF(C) as multiplication of power series it 
is clear that the map w is additive. Its composition with the ghost map 7 is 
given by 

00 

Since c,/(Ti *T2) = Cv{^\)cv{Ti) it follows that 711; is multiplicative and hence 
also w. We have 

G5,(z) = --(log(C-z)-logC) 

and hence 

w{b^) = eM-^iG5,{z)) = 1 - C"'^ = [C~'] • 
The relation h^^-ij^^{z) = h^^{C,z) implies that we have 

w{[C\lj) = w{ij){Cz) = [C] w{ii) . 

The relation 

for measures (16) and premeasures (93) implies the formula GN^niz^) = 
Tr^Gn and hence the relation 



«;(iV,M)(^^) = n Hl^)iCz) = F^iwii^U 



.^1 



This implies w;(iV*/i) = Fn{w{h)). The formula hN*^ = N*h^ for measures 
(43) and premeasures (92) implies that we have Gj>4m*h = G^{z^) and hence 

w{NN*n) = w{fi){z^) = VNiw{fi)) . 

□ 

Thus the formulas N^N*iJ, = ji and NN*N^iJ, = Trj^di) that we have used 
repeatedly and also the commutation of N^, and M* for (A^, M) = 1 cor- 
respond to the standard relations (136) and (137) between Probenius and 
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Verschiebung. Since a premeasure fx is uniquely determined by its Fourier 
coefficients c,^(/x) for u >1, the map 

w : P(T) W{C) 

is injective. We end tfiis section with an example. For every prime number p 
the Artin-Hasse exponential is tfie element 

oo pi' 

Ep = exp[j2^) 

i/=0 ^ 

of W(Q) C W(C). It has the remarkable property that it is p-integral, i.e. 
Ep G W{Z(j)-^), where Z(p) = {m/n G Q | p f n}. Moreover it is an idempotent 
i.e. EpQ Ep = Ep. We can ask whether Ep or more generally the element 

oo , 

E^ = exp{^^J^) 
for TV > 2 is a premeasure. This is the case. 

Proposition 60 For any N >2 there is a unique premeasure jj, G P(T) with 

w{p) = En. We have fi € (T) n (T) and N^n = /j, and fi* ji = fi. The 
premeasure (i is atomless and it is not a (signed) measure. Its cummulative 
mass function and Herglotz transform are: 

-.00 00 
jX(e) = y N-"" sin N'^e and = -2 V z^"' . 

i/=0 v=Q 

The function 

00 

fix = exp(-/i^) = JJ exp(2z^") 

i/=0 

is a unit in Ai which is not in the Nevanlinna class Af. The Ki-singular 
measure jig = '^ff^ vanishes. 

Proof The uniqueness is clear since oo is injective on P(T). Consider the 
atomless signed measure a G M^{T) defined by o" = —tt~^ cos 6 dO. We have 
a{6) = — 7r~^ sin^. Let S = {A'"'^ 1 1/ > 0} be the monoid generated by A^. By 
corollary 50 a) we know that /x := ^'5(0-) G Pkj(T). By definition 

00 

fi = ^N-''{N-''Ya 

v=0 
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or more explicitly 

jX(e) = N-" sin N'^e (138) 



This is a continuous function on T and hence fi is atomless. By equation (81) 
we have for 77 G T 

«'('''') = 5^EK-C)-5^E(C'7-5;) = o. 

Hence we have N^a = and therefore a G Z{S, M°(T)). Now proposition 23 
gives ^i e ■^s{Z{S,M^{T))) c H^{S,P{T)), i.e. N^fi = /x. 

We have 

fiQ := / jldX = 

Jt 

and hence formulas (87) and (138) give the equations 

00 

GM = /iM = 2l^c„(/iA)z" 

n=l 

-. 00 
1^=0 

Thus we have 

w{iJ,) = ex.p{—KiGfj_) = En ■ 

The map w : V'{T) — >■ W{C) is injectivc on real distributions T with co{T) = 
0. Since fi and * /x are such distributions the equation 

w{n * = En Q En = En = w{fi) 

implies that fi* fi = fi. 

The Herglotz transform of /x is given by 

00 

= 2mzG'^ = -2 1^ ■ 

i/=0 

It follows that we have 



v=0 
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where a = ^siffi) = fti/N*fn = exp(22;). Since /x G PkiO^) the function 
ffj_ is in TV/ by (112). However theorem 49 a) easily gives a more precise 
assertion: Since a{z) = exp(22;) and its inverse are in H°°{D), it follows 
that both and are in Thus is a unit in Ai and by (112) we 
have IX G P^i^) ^ ^ki^)- Theorem 41 further implies that the Ki-singular 
measure /Ug = vanishes. By example 18 the function is not in M. Hence 
H cannot be a (signed) measure. Purely measure theoretically this can be 
seen as follows: If /i were a measure, then by A?^-invariance we would have 
H = cX + fig where c G M is a constant and /x^ is a singular measure. This 
would imply 

a = $5(/") = M - II - N-^TiNili) 

Thus a = — 7r~^ cos dO would have to be singular which is not the case. □ 
Remark Similar assertions hold for the elements 

Es = exp ( ^ — ) G Wm 
where S is the semigroup generated by iVi, . . . , iV^ > 2. 
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